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ABSTRACT OF DISSERTATION

UNDERSTANDING AND IMPROVING LITHIUM ION BATTERIES THROUGH
MATHEMATICAL MODELING AND EXPERIMENTS
There is an intense, worldwide effort to develop durable lithium ion batteries with high
energy and power densities for a wide range of applications, including electric and hybrid
electric vehicles. For improvement of battery technology understanding the capacity
fading mechanism in batteries is of utmost importance. Novel electrode material and
improved electrode designs are needed for high energy- high power batteries with less
capacity fading. Furthermore, for applications such as automotive applications, precise
cycle-life prediction of batteries is necessary.
One of the critical challenges in advancing lithium ion battery technologies is fracture
and decrepitation of the electrodes as a result of lithium diffusion during charging and
discharging operations. When lithium is inserted in either the positive or negative
electrode, there is a volume change associated with insertion or de-insertion. Diffusioninduced stresses (DISs) can therefore cause the nucleation and growth of cracks, leading
to mechanical degradation of the batteries. With different mathematical models we
studied the behavior of diffusion induces stresses and effects of electrode shape, size,
concentration dependent material properties, pre-existing cracks, phase transformations,
operating conditions etc. on the diffusion induced stresses. Thus we develop tools to
guide the design of the electrode material with better mechanical stability for durable
batteries.
Along with mechanical degradation, chemical degradation of batteries also plays an
important role in deciding battery cycle life. The instability of commonly employed
electrolytes results in solid electrolyte interphase (SEI) formation. Although SEI
formation contributes to irreversible capacity loss, the SEI layer is necessary, as it
passivates the electrode-electrolyte interface from further solvent decomposition. SEI
layer and diffusion induced stresses are inter-dependent and affect each-other. We study
coupled chemical-mechanical degradation of electrode materials to understand the
capacity fading of the battery with cycling. With the understanding of chemical and
mechanical degradation, we develop a simple phenomenological model to predict battery
life.
On the experimental part we come up with a novel concept of using liquid metal alloy as
a self-healing battery electrode. We develop a method to prepare thin film liquid gallium
electrode on a conductive substrate. This enabled us to perform a series of
electrochemical and characterization experiments which certify that liquid electrode
undergo liquid-solid-liquid transition and thus self-heals the cracks formed during deinsertion. Thus the mechanical degradation can be avoided. We also perform ab-initio
calculations to understand the equilibrium potential of various lithium-gallium phases.

KEYWORDS: Lithium ion batteries, diffusion induced stresses, self-healing electrode,
coupled chemical and mechanical degradation, life-prediction model.
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CHAPTER 1
INTRODUCTION
With rapidly growing energy demands, there is a large increase in demand for more
efficient and renewable energy resources. Today, we rely on fossil fuels for most of our
energy needs. Combustion of fossil fuels leads to the emission of greenhouse gases into
the atmosphere. Global warming is a direct consequence of the accumulation of
greenhouse gases. Internal combustion engines are a major source of CO2 emission and
hence alternative energy sources for automotive propulsion applications is one of the
prime focuses of research throughout the world. The renewable sources such as solar
energy and wind energy are “green” sources of energy but these are intermittent sources.
For a continuous use, storage of energy is necessary. Batteries are electrochemical
storage devices with which we can store energy in the form of chemical potential
difference and use it whenever and wherever it is needed. (1, 2)
With a large number of applications in portable electronics such as mobile phones,
laptops and other electronic gadgets and potential applications for automobile purpose,
lithium ion batteries have gained a lot of attention from researchers worldwide. Hybrid
electric vehicles (HEV), plug in hybrid vehicles (PHEV), purely electric vehicles (EV)
developments have been the focus of the research of most of the automotive companies.
The recent launch of the ‘extended range electric vehicle – Chevy Volt’ from General
Motors has a catalytic effect to the battery research, since the Chevy Volt is completely
driven on a lithium ion battery pack. For the automotive applications lithium ion batteries
are limited by volumetric and gravimetric energy density, as well as with cycle life.
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With better engineering of the electrode size, shape and mechanical properties, there is a
lot of room for improvement (1, 2). The focus of the current project is to understand the
capacity fading in the lithium ion batteries and improve the battery electrodes to have
more capacity and a longer cycle life.
A battery is composed of a negative electrode and a positive electrode. These electrodes
are separated by an electrolyte which has a finite ionic conductivity and negligible
electronic conductivity (Figure 1.1). The potential difference between the two electrodes
drives the ions from one electrode to the other. The current collectors transfer the
electrons through the external circuit.
Among the various presently available battery technologies such as lead-acetate battery,
metal-hydride battery, nickel-cadmium battery, lithium ion battery etc. lithium based
batteries are known to have the highest gravimetric and volumetric energy storage
capacity (1, 3).
The commercially available lithium ion batteries commonly contain graphite as a
negative electrode material. At the same time, lithium iron phosphate, lithium cobalt
oxide, spinel or their derivatives are commonly used positive electrode material. A
typical electrolyte is 1:1 by volume mixture of ethylene-carbonate (EC) and dimethylcarbonate (DMC) with 1M LiPF6 salt. Poly-olefins have proven stable over time and are
universally used in lithium ion cells as separators.
The functioning of a lithium ion battery is based on the insertion mechanism. While
discharging, a lithium atom leaves the negative electrode leaving an electron behind and
enters the electrolyte in the ionic form.
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This lithium ion travels through the electrolyte towards the positive electrode where it
gains an electron and thus is converted back to the atomic state. This atomic lithium is
inserted and stored in the positive electrode material. The electron travels through the
external electrical circuit and thus we get external current. Before discharge, two
electrodes are at different chemical potentials. When we connect two electrodes
electrically with the external circuit, the system will minimize the potential difference
between the electrodes. This drives the ions to diffuse from one electrode to the other
electrode through the electrolyte. In case of charging, the current and ions are forced to
flow in the opposite direction and thus we create a potential difference between two
electrodes. Thus we store electrical energy in the form of chemical potential.
If ‘B’ is the charge carrying specie (‘Li’ in case of lithium ion batteries), A is one of the
electrode (say negative electrode) and C is the other electrode (say positive electrode),
then during discharge, B migrates from electrode ‘A’ to ‘C’ with simultaneous transfer of
electrons through the external circuit. This can be represented with the following
equations;
𝐴𝐵 ⇄ 𝐴 + 𝐵 𝑛+ + 𝑛𝑒 −

(oxidation)

𝐴𝐵 + 𝐶 ⇄ 𝐴 + 𝐵 𝑛+ + 𝑛𝑒 − + 𝐶 ⇄ 𝐴 + 𝐵𝐶

(redox reaction)

𝐶 + 𝐵 𝑛+ + 𝑛𝑒 − ⇄ 𝐵𝐶

(reduction)

∆𝐺 = −𝑛𝐹𝐸

Here, ∆G is the Gibb’s free energy difference between two electrodes. E is the potential
difference between two electrodes. 𝑛 is the number of positive charges the ions carry and
F is Faraday’s constant.
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When lithium ions reach the negative electrode they gain the electron at the surface of the
electrode and are converted back to the atomic lithium state from the ionic state. The
lithium atoms on the surface of the electrode diffuse inside the electrode due to the
concentration difference inside. Thus we can assume that it follows Fick’s law of
diffusion. Upon electrochemical cycling, lithium ions move back and forth from one
electrode to the other electrode. This mechanism is called the ‘rocking chair’ mechanism
(2).
The capacity of lithium ion batteries fades as the battery ages or as we cycle the battery
(4). It is important to understand the fundamental causes of the capacity fading and come
up with improved designs for batteries with longer cycle life. Different degradation
mechanisms such as chemical degradation, mechanical degradation, electrochemical
shocks etc. are known to degrade the batteries. This dissertation focuses on:
a) Understanding the causes of the mechanical degradation at the electrode particle
level;
b) Developing mathematical tools to improve the electrode design and optimize the
electrode material properties for longer battery life;
c) Understanding the inter-dependence of chemical and mechanical degradation and
coupling them to develop a tool to predict battery life;
d) Developing novel electrode materials for improved battery life; and
e) Developing experimental and simulation techniques for a fundamental study of the
different electrode materials.
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1.1

Dissertation overview

The specific research objectives of this dissertation can be summarized as
•

To understand the mechanical degradation of electrode particles as a result of
diffusion induced stresses (DISs) with use of available mathematical tools.
Analyzing the effect of size, shape, charging and discharging conditions, material
properties of electrode material on diffusion induced stresses.

•

To develop mathematical tools to describe different processes inside the lithium
ion batteries and use them for improving the electrode design to minimize the
electrode degradation and thus prolong the cycle life of the batteries with high
capacity.

•

To use the understanding of mechanical degradation coupled with chemical
degradation of batteries to develop the model for predicting cycle life of
commercial batteries. Check the validity of model, comparing the predictions with
the experimental data from the commercial batteries.

•

To develop a new electrode material and with different experimental tools
understand the stability of the electrode. Validate the concept of liquid electrode
and confirming the liquid-solid-liquid transition on electrochemical cycling thus
avoiding mechanical degradation.

•

To develop a method for in-situ X-ray diffraction studies of the lithium ion
battery electrode.

•

To use the Vienna ab-initio simulation package (VASP) for understanding the
different phases formed upon lithiation of gallium and calculate the voltage vs.
state of charge (SOC) curves.
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In chapter 3, we examine the nature of DISs during the electrochemical charging and
discharging to understand the mechanical degradation of electrodes. We keep our focus
on studying DISs in cylindrical electrode elements such as nanowires. We analyze the
effects of size of the nanowires, different boundary conditions and different charging
conditions such as potentiostatic and galvanostatic charging on DISs. We optimize the
electrode size to minimize the diffusion induced stresses.
Along with the electrode particle sizes and shapes, porosity also affects the stress
behavior in a lithium ion battery electrode. In Chapter 4, we develop a model to
understand the diffusion induced stress behavior for a tubular electrode structure. We
optimize the dimensions of tubes to minimize the fracture tendency of the electrodes.
Under the guidelines of the model titania nanotube electrodes were prepared and the
cycling performance was evaluated. In accordance with the prediction, the tubes were
found to be mechanically stable upon electrochemical cycling.
The models above assume that the material properties of the electrode material do not
change during lithiation. In fact, some of the electrode materials are shown to have a
drastic change their mechanical properties with changing lithium concentration. In
Chapter 5, we investigate effects of this change in properties of the electrode material
during lithiation and delithiation on the diffusion induces stress behavior and the fracture
tendency of electrode materials.
Some of the electrode materials are known to undergo phase transformation upon
lithiation and delithiation. These materials show one or more plateaus on the voltage vs.
charge curve, exhibiting co-existence of the two phases.
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Lithiation or delithiation of such a particle can be represented as a shrinking core model
with a sharp jump in the lithium concentration at the interface. In Chapter 6, we examine
the stress behavior in such a particle, more specifically, the stress behavior at the
interface and degradation of such an electrode particle
The models we developed in the chapters above, assume that the electrode particles are
homogeneous and isotropic. In a real electrode particle, a large number of pre-existing
pores are observed. In Chapter 7, we study the effect of pre-existing pores on the
diffusion induced stresses and show that even a single pre-existing pore can have a
significant effect on the diffusion induced stress behavior. This model establishes the
significance of fundamental understanding of microstructure and its incorporation in the
stress and transport models.
The operating voltage (vs. a lithium reference electrode) of the commonly used negative
electrodes is lower than the lower limit of the stability voltage window of the commonly
used electrolytes (5, 6). Hence, the electrolytes undergo reduction on the negative
electrode surface forming solid electrolyte interphase (SEI) on the surface of electrode.
SEI formations results in capacity fading of the battery. The SEI layer on the electrode
particle affects the diffusion behavior or concentration profile of lithium atoms inside the
host particle which eventually changes the stress behavior. Different artificial SEI
materials/coatings are used on the electrode particle in attempt to enhance the life of
electrode.
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In Chapter 8, we mathematically correlate the SEI properties with the diffusion induced
stresses and thus optimize the design of artificial SEI. The chemical degradation or
mechanical degradation or both of the degradation mechanisms in combination can result
in capacity fading of the lithium ion batteries. For automotive applications prediction of
battery life is of utmost importance. With our understanding of mechanical and chemical
degradation, in Chapter 9, we develop a model that combines chemical and mechanical
degradation capacity fading mechanism for commercial batteries to predict battery life at
different temperatures and compare this with the cycling data on the commercial cells.
To minimize the mechanical degradation and improve the energy density, in Chapter 10
we propose a novel concept of using a liquid metal electrode as a self-healing electrode.
With various techniques such as XRD, optical observation and electrochemistry we show
the reversibility of liquid-solid-liquid transition of the liquid metal electrode upon
electrochemical cycling.
To further investigate the crystallographic changes in liquid metal electrode, in Chapter
11 we develop a method for in-situ X-ray diffraction study of such an electrode. With
such a technique, the different phase transformations that the electrode material
undergoes during lithiation and delithiation can be observed. Using in-situ XRD we
validate the liquid-solid-liquid transition in liquid electrode upon lithiation and
delithiation. The technique developed for in-situ X-ray diffraction study can be used for
other possible liquid metal electrodes. To get the crystal structure understanding of the
different phases formed during lithiation of a gallium electrode, we performed the density
function theory (DFT) calculations on the different equilibrium phases of Li-Ga system.
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We optimize the crystal energies of different possible phases of Li-Ga system which we
use to construct the equilibrium potential vs. state of charge (SOC) curve for the galliumlithium system.
In chapter 12 we summarize the different mathematical models we developed and the
experiments we performed for understanding and improvement of the lithium ion
batteries. We also suggest different ways in which the presented work can be used and
developed for further improvement of lithium ion batteries.
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Figure 1.1: Schematic representation of a lithium ion battery
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CHAPTER 2

BACKGROUND
2.1

Lithium ion batteries

Potential applications for automotive purposes have attracted the attention of researchers
worldwide to lithium ion batteries. The commercially available lithium ion batteries have
energy density of 320 WhL-1 (135 Whkg-1). This is much higher than the other currently
available battery technologies such as Pb/ PbO2 (90 Wh L-1), Cd/Ni (130 Wh L-1),
Hydride/Ni (215 Wh L-1).(1) There is intense research for increasing the volumetric and
gravimetric energy density of lithium ion batteries. The energy density of the battery
system is determined by the amount of lithium that can be stored inside the electrode.
Currently graphite is used as an anode material which has a capacity of 372 mAh gm-1.
Apart from graphite, there are several materials available which are active in lithium
storage. Lithium forms intermetallic phases (LixM) with numerous metals M (M=Mg, Ca,
Al, Si, Ge, Sn, Pb, As, Sb, Bi, Pt, Ag, Au, Zn, Cd, Hg, etc.) at room temperature with
sufficient electrochemical conditions such as potential difference and availability of
lithium ions. (2) This alloying is mostly reversible and can be represented as following;
𝐿𝑖𝑥 𝑀 ⇄ 𝑥𝐿𝑖 + + 𝑥𝑒 − + 𝑀

Most of these metals can potentially be used as negative electrodes for rechargeable
lithium ion batteries. Materials such as Si and Sn have much larger lithium storage
capacities than currently used graphite electrodes (1, 3).
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The automobile industry is looking forward for batteries and capacitors as energy sources
for propulsion purposes. General Motors recently launched the ‘Chevy Volt’ which is an
extended range electric vehicle completely driven on a large lithium ion battery pack. To
meet the automobile requirements, the battery pack has to have high power density (fast
charge and discharge) and high energy density (large storage capacity). Materials such as
Si and Sn have larger lithium storing ability than the commercially used carbon
electrodes, and thus hold a great potential as future anode materials (4).
One of the critical challenges in advancing lithium ion battery technologies is that the
battery capacity tends to fade upon electrochemical cycling. Fracture and decrepitation of
the electrodes is observed as a result of lithium diffusion during the charging and
discharging operations. During the battery operation, when lithium is inserted into (or
extracted from) the active materials of both positive and negative electrodes, volume
expansion (and contraction) occurs (1). For example, graphite, the most common
negative electrode for Li-ion batteries, expands 10% of its volume when Li intercalates
between the graphite sheets (5). Compared to graphite, Si can store ~10 times more Li,
but is associated with massive volume expansion, of the order of 300% (6). The large
volume expansion and the associated stress within electrodes can lead to fracture and
failure of the electrodes, causing capacity loss of batteries (7). The diffusion induced
stresses inside the electrode particle on charging and discharging have a variation
proportional to the state of charge (SOC) of the particle. The SOC of a particle has a
sinusoidal variation with the electrochemical cycling (Figure 2.1). The electrode material
properties and electrode morphology might decide the way mechanical failure would
occur as a result of diffusion induced stresses.
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Atomic diffusion is observed and used in various applications in the research community.
Stresses induced during diffusion can cause dislocation generation which may be
desirable for some applications such as surface hardening, improving mechanical
properties of steel (8) or may have undesired effects in some applications such as
degrading the electric properties of semiconductor devices (9). In manufacturing of
different materials such as semiconductors and alloys and in different applications such
as fuel cells, batteries etc. atomic diffusion plays an important role. Hence, atomic
diffusion and its effects have been topics of investigation for different applications.
Experiments by Dunand (10, 11) have demonstrated that cycles of hydrogen alloying and
dealloying induce internal stress plasticity in titanium (12). Yang et al. (13) showed
diffusion of hydrogen in metals can introduce hydrogen induced cracking and hydrogen
enhanced plasticity. This effect is also observed to result in cracking of hydrogenation
reactor with crack initiation at the fusion surface between welding overlay and base metal
(14). Lee and coworkers studied diffusion induced stresses in solid oxide fuel cells
(SOFC) (9). Diffusion induced bending can be useful in microelectromechanical systems
(MEMS) for hydrogen sensing applications (15).
In lithium ion battery applications, the electrode might undergo fracture, delamination
from the substrate, gradual cracking, change in morphology or change in surface
topology resulting in mechanical failure of the electrode, as a consequence of diffusion
induced stresses. Such mechanical degradation of the electrode material results in the
capacity loss of lithium ion batteries. The mechanical stresses are related to the diffusion
of lithium atoms in/out of the electrode particles and are thus related to the
electrochemical cycling of batteries.
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Apart from mechanical degradation, there is a loss of active lithium content from the
system due to chemical reactions at the electrode operating potentials. Capacity of the
battery fades with time even if the battery is not operating. Chemical degradation occurs
due to the instability of commonly used electrolytes such as ethylene carbonates and
propylene carbonates at the operating potentials of the commonly used negative
electrodes, resulting in a solid electrolyte interphase (SEI) formation (16, 17). The
formation of the SEI consumes active material and thus causes irreversible loss in the
stored lithium. In spite of this, the SEI formation is important since it passivates further
reduction of the electrolyte and thus stabilizes the system (18). Several groups are
studying SEI to unveil its formation mechanism and its mechanical and transport
properties (19, 20). Tasaki et al. (21, 22) studied in detail the major components of SEI
and their solubility in the electrolyte. There is still ambiguity about the exact SEI
composition. Also, different studies in the literature report different SEI thicknesses and
there is no consensus among the researchers about the SEI thickness. At the same time, it
is now well accepted that the SEI consists of a dense inorganic layer near the particle
surface followed by a porous organic layer (1). The calendar life of a battery is associated
with the chemical degradation of the battery.
The capacity fading of the battery upon electrochemical cycling may be a result of the
chemical degradation or the mechanical degradation or both the degradation mechanisms
in combination. The cracks on the electrode surface propagate due to DISs and a new
surface area is exposed to the electrolyte. This new surface area would finally be covered
with a new SEI layer and more irreversible capacity loss occurs.
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Thus cycle life of the battery is determined by the coupled chemical and mechanical
degradation. For the application purpose, including automotive applications, it is
important to have batteries with long cycle life.
2.2

Negative electrodes

Currently graphite is used as a negative electrode in the commercial Li ion batteries.
There is ongoing effort to increase the capacity of carbon. Different chemical and
mechanical preparation and modification methods, such as paralytic processes,
mechanical milling etc. are employed on the carbon negative electrodes for improving
their electrochemical performances. The capacities of 450 mAh g-1(23) are now
achievable, as compared to conventionally used graphite which has a practical capacity of
350 mA h g–1 (theoretically 372 mA h g-1 for the end compound LiC6)(24).
Different strategies such as alloying the Li-active materials with inactive elements,
building nano-structural/ nano-porous electrodes, coating or having electrolyte additives
for a stable SEI etc. are commonly used by different studies focusing on improving
electrode durability in the past 15 years.
2.2.1

Alloying active-inactive material:

Alloying Li-active with inactive materials has shown to improve the battery cycle life
significantly as compared to the pure active material. For example alloying Sn with Cu
(25) , Co (26, 27), or Ni (28) has shown improved electrode performance. Even ternary
alloys such as Si-Sb-Co and Sn-Sb-Ag are shown to have good electrochemical
performance as negative electrode materials (29, 30). Winter et al. (2) give a nice review
on the efforts to use the tin-based metallic alloys as negative electrodes for the LIBs.
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Inactive material acts as a buffer for the active material expansion on lithiation. Such
alloy materials have shown improvement in mechanical stability as compared to a pure
material (2). At the same time, alloying results in the lower energy density of the
electrode as compared to a pure active material electrode.
2.2.2

Nanoparticles and porous material:

Apart from alloying, optimizing the size of electrode particles has been an area of
widespread attention. Nano-structural electrodes show improved mechanical stability
compared with their bulk counterparts (24, 31, 32). Thin-film Si (33), Si nano-particles
(34), Si nanowires (35) and TiO2 nanowires (36), as well as porous transition metal
oxides (37, 38), show improvements in the cycle life performance as compared to their
bulk-material counterparts. A porous material can accommodate the expansion of the
electrode material on lithiation and thus is more stable than the bulk counterparts (39,
40). A nanostructure electrode provides a shorter diffusion path length which is
advantageous for high power batteries as well. The disadvantage with the nano-materials
is the high surface area, which results in large first cycle irreversible loss. At the same
time, with nano-particles the packing density of the electrode is low which results in the
lower volumetric energy density.
2.2.3

Artificial SEI/ coating and conductive additives:

The electrode durability also depends on the stability of SEI. There have been attempts to
make a more stable artificial SEI layer/ coating layers on the electrode particles, which
show significant improvement in the mechanical and chemical stability of electrodes (41,
42).
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SEI stabilizers and electrolyte additives such as vinylene carbonate and vinyl ethylene
carbonate can be used to form a more stable SEI (43). Recently atomic layer deposition
of Al2O3 on the electrode particles has been shown to improve electrode stability (44, 45).
Zhang et al. (46) explained the effect of different possible additives on SEI stabilization.
Surface modifications and surface coatings of materials such as metals, metal oxides and
conducting polymers have been shown to improve the battery performance (47).
Moreover, conducting additives and chemical binders, such as carbon black and
polyvinylidene fluoride (PVDF), are shown to improve the battery cycle life at the cost of
extra mass and volume occupied by the additives (48, 49).
As we observe, efforts have been made in different directions to obtain improved stability
of electrode material. With the understanding of degradation mechanisms and the help of
mathematical tools the improved electrodes might be achieved. New Li active materials
or new combinations of active-active, active-inactive alloys or newer structures are
needed for improvement of the battery electrodes.
2.3

Mathematical models:

A substantial body of literature in battery research is devoted to the modeling of different
aspects of lithium ion batteries. Through mathematical modeling we can correlate
different physical processes in the battery. This can help us garner a better understanding
of some of the complex processes and design improved batteries (1). A large number of
articles in the literature are devoted to the modeling of lithium ion batteries using
volume-averaged (macro-homogeneous) methods to characterize simultaneously the
liquid and solid phase phenomena (50-57).
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Porous electrode models describe transport and conduction in an electrolyte and a solid
along a macro-length scale and describe diffusion in a solid along a micro-length scale
(50, 51).
2.3.1

Mechanical degradation modeling:

Following early work of Huggins and Nix (7), several recent theoretical studies have
modeled internal stresses induced during insertion and removal of Li into electrode
particles (58-60). Christensen and Newman (59, 61) and Zhang et al.(58, 62) simulated
intercalation induced stresses within single particles to capture salient features of the
governing electrochemistry and solid mechanics taking place in lithium ion batteries. One
of the objectives of these studies is to explain particle fracture, which is sometimes
observed in degraded electrodes (17, 63-65). These calculations have generally used the
shrinking core model (66, 67) to predict intra-particle Li concentration profiles and the
associated stress fields.
Cheng and Verbrugge (68-71) have developed several mathematical models relating the
diffusion induced stresses (DISs) with lithium concentration in the electrode material,
electrode geometry and charging condition.
2.3.2

Chemical degradation modeling:

Along with the mechanical degradation, the chemical degradation is widely recognized as
a major cause of loss of active material (16, 17, 72). Molecular dynamics simulations
have been used to get a fundamental understanding of SEI (73). Ning et al. (74)
developed a computer simulation based on the solvent reduction on the electrodeelectrolyte interface as a major source of lithium loss.
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Many of the other models in the literature consider the chemical degradation as a major
source of capacity fading and thus predict the calendar life of the battery (75-82). For
example, Broussely et al. (83) focused on identifying the capacity loss of batteries at
different temperatures during controlled experiments and put forward a simple
mathematical model which predicts the calendar life. Spotnitz et al. (84) gives a nice
review of different capacity fading experiments and the models predicting calendar life of
a battery. Some of the models such as proposed in Bloom et al. (85) are purely empirical
and might not describe the physics behind the degradation.
2.3.3

Cycle life prediction models:

Prediction of the cycle life of lithium ion batteries is of utmost importance for the
automobile industry. Safari et al. (76, 77) used a new approach of accounting fatigue
mechanics into battery life prediction. Ramadass et al. (86) developed a capacity fade
prediction model for Li-ion cells based on a semi-empirical approach. Santhanagopalan et
al. (87) gives a nice review on life prediction models.
Most of the battery life models consider chemical degradation as a major source of
capacity loss. Along with the chemical degradation, mechanical degradation is also a
major aspect of capacity fading which is not paid enough attention by the published life
prediction models. As discussed earlier, mechanical degradation of the batteries occur
due to diffusion induced stresses as a result of charging and discharging the battery. A
large number of articles in the literature study the mechanical stresses in single electrode
particles. (58, 59, 61, 62).
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We recently proposed several models to understand the effects of different operating
conditions, different electrode particle sizes, particle shapes, phase transformations (68,
71, 88-90) etc. on the stresses induced in the electrode particles during battery charging
and discharging. A phenomenological model combining the mechanical degradation with
chemical degradation to predict battery cycle life is needed.

2.3.4

Ab-initio calculation tools:

Molecular dynamics simulation tools have also been used to understand different aspects
of lithium ion batteries. Ceder et al. (91-94) has done rigorous ab-initio calculations to
identify and understand different positive electrode material and their lithium conducting
and storage

properties. Recently Qi et al. (95, 96) has used density functional theory

calculations to understand the softening or stiffening of the electrode material due to
lithiation and delithiation. A detailed molecular level understanding of the mechanism by
which an ion intercalated or reacts at the liquid-solid interface and the crystal
transformations between different phases during intercalation and de-intercalation is
needed (97).

2.4

Background summary:

Based on the detailed background, the following conclusions are made:
a. Lithium ion batteries have the highest energy and power density among all the
currently available batteries. Yet, the commercially available lithium ion batteries
need further improvement for efficient use in propulsion of vehicles.
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b. The commercially available batteries use graphite as a negative electrode. Sn, Si
and some other metals and alloys can store much more lithium than the currently
used graphite and are the potential electrode materials for high energy batteries.
c. Capacity fading upon electrochemical cycling is one of the major issues that the
lithium ion battery technology is currently facing.
d. Understanding different capacity fading mechanisms such as the chemical
degradation and mechanical degradation is important. Such an understanding can
be used to develop tools to predict the battery life accurately.
e. Novel electrode materials with newer designs are needed to decrease the chemical
and mechanical degradation for improved battery technology.
f. The development of mathematical models and molecular dynamic simulation
tools along with different electrochemical and characterization techniques is
important to provide insights into the complex battery processes. The combination
of experiments and modeling can lead to improved batteries with high energy
density and longer battery life.
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Figure 2.1: The state of charge (SOC) variation of an electrode particle during
electrochemical cycling
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CHAPTER 3

MODELING DIFFUSION-INDUCED STRESS IN NANOWIRE ELECTRODE
STRUCTURES

This chapter is based on work published as:
R. Deshpande, Y.-T. Cheng, M. W. Verbrugge, Modeling diffusion-induced stress in
nanowire electrode structures. Journal of Power Sources 195, 5081 (2010).
It’s reproduced by permission of The Electrochemical Society.

3.1

Summary

There is an intense, worldwide effort to develop durable lithium ion batteries with high
energy and power densities for a wide range of applications, including electric and hybrid
electric vehicles. One of the critical challenges in advancing lithium ion battery
technologies is fracture and decrepitation of the electrodes as a result of the lithium
diffusion during charging and discharging operations. When lithium is inserted in either
the positive or negative electrode, a large volume change of the order of a few to several
hundred percent, can occur. Diffusion-induced stresses (DISs) can therefore cause the
nucleation and growth of cracks, leading to mechanical degradation of the active
electrode materials. In this chapter, we develop a mathematical model relating surface
energy with diffusion induced stresses in nanowire electrodes. With decreasing size of
the electrode, the ratio of surface area to volume increases.
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Thus, surface energy and surface stress can play important roles in mitigating DISs in
nano-structured electrodes. In this chapter, we establish relationships between the surface
energy, surface stress and the magnitude of DISs in nanowires. We find that DISs,
especially the tensile stresses, can decrease significantly due to the surface effects. This
model also establishes a relationship between the stress and the nanowire radius. We
show that, with decreasing size, the electrode material will be less prone to mechanical
degradation, leading to an increase in the life of lithium ion batteries, provided other
phenomena are unaffected by increased surface area (e.g., chemical degradation
reactions). We also show that, in the case of nano-structures, surface strain energy is
significant in magnitude compared to bulk strain energy. A mathematical tool to calculate
total strain energy is developed that can be used to compare strain energy with the
fracture energy of that material in the electrode system.

3.2

Introduction

The lithium diffusion within the host electrodes of lithium ion batteries leads to
‘Diffusion Induced Stresses’ (DISs), which stimulate mechanical degradation of the
electrodes, i.e. pulverization, capacity fading and decrease in battery performance.
Recently, Chan et al. (1), showed that silicon nanowires can accommodate large strain
without pulverization. Due to low discharge potential (relative to a lithium reference) and
identified high theoretical charge capacity (4,200 mAh g-1) (2), silicon nanowires are of
interest for lithium ion battery applications. Several research groups have reported on the
use of nanotubes and nanowires of different materials as electrodes in lithium ion
batteries.
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Chen and co-workers (3) have recently shown that CuO nanowires have high reversible
capacity. Earlier, Chan and coworkers (4) proposed that Ge nanowires can be used to
construct a high capacity Li ion battery. With the decreasing size of the active electrode
element the surface area to volume ratio increases; as has been recognized in many
publications. When the characteristic dimension of a particle falls below tens of
nanometers, the number of atoms on the surface of the particle exceeds those of the bulk
(5), and unusual particle properties often result relative to the bulk material, which has
given rise to the term nanotechnology in more recent times. Cuenot et al. (6) have
clarified the influence of nanowire radius on mechanical properties including the
apparent stiffness and tensile modulus.

Hence, for nano-scale electrode structures,

surface energies, and surface stresses can be expected to have a significant impact on the
mechanical properties of electrode materials.
A substantial body of literature is devoted to the modeling of lithium ion batteries using
volume-averaged (macro-homogeneous) methods to characterize simultaneously the
liquid and solid phase phenomena (7-14). Prussin (15) made an analogy between thermal
stress and DIS and analyzed the transverse stresses developed in a thin plate during mass
transfer. Lee and co-workers (16-18) also studied DIS in various systems including thin
plates, hollow cylinders, and composites. García et al. (19) developed a numerical
framework which describes the spatial distribution of electrochemical fields and stress
distribution in porous electrode microstructures. Christensen and Newman (20, 21), and
Zhang et al. (22, 23) simulated intercalation induced stresses within single particles to
capture salient features of the governing electrochemistry and solid mechanics taking
place in lithium ion batteries.

37

At the nano-scale, surface effects mentioned above are prominent, which has prompted
the inclusion of surface mechanics within the analysis of DIS of spherical electrode
particles (24).
In this chapter, we couple the DISs and surface stresses so as to elucidate their combined
effects on the mechanical behavior of nanowire electrodes; our approach is similar to that
employed for spherical particles (24). This chapter provides a mathematical framework
for the investigation of nanowire electrodes. In addition to stress effects, surface strain
energy also becomes significant relative to that of the bulk at the nano-scale. Strain
energy is an important criterion that can be used to determine the mechanical stability of
an electrode material. Cheng and Verbrugge (25) analyzed strain energy for spherical
particles without considering the effects of surface energy. In this work, we perform a
complete strain energy analysis showing that surface strain energy contributes
significantly to total strain energy for nanowires. Furthermore, the total strain energy can
be compared with the fracture energy to derive a condition for crack propagation in
electrode materials; the ensuing analysis and approach is new to modeling DIS of nanoscale systems and provides a general framework for the investigation of other nano-scale
geometries. The specific results of this analysis should prove helpful in guiding the
selection of materials for nanowire electrodes.
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3.3

Stress modeling

The surface stress of a material is related to the surface energy and the strain tensor of a
particular geometry of the material. This can be expressed with Gibb’s equation (26)
𝑠𝑢𝑟𝑓

𝜎𝛼𝛽

= 𝛾𝛿𝛼𝛽 +

𝜕𝛾

(3.1)

𝜕𝜀𝛼𝛽

where, γ is surface energy per unit area, 𝜀𝛼𝛽 is a 2 × 2 surface strain tensor, and 𝛿𝛼𝛽 is
the Kronecker delta function. For liquids, surface stress and γ have the same value

because of the high mobility of atoms in fluids. For solids, surface stress and surface
energy are not the same because of the finite elasticity of solid surfaces. Under the
assumption that the surface adheres to the bulk without slipping, and in the absence of
body forces, the equilibrium and constitutive equations for isotropic case can be
summarized as follows (26). In the bulk,
𝑏𝑢𝑙𝑘
=0
𝜎𝑖𝑗,𝑗

(3.2a)

𝜎𝑖𝑗𝑏𝑢𝑙𝑘 = 𝐶𝑖𝑗𝑘𝑙 𝜀𝑘𝑙 = � 𝜆 𝛿𝑖𝑗 𝛿𝑘𝑙 + 𝜇� 𝛿𝑖𝑘 𝛿𝑗𝑙 + 𝛿𝑖𝑙 𝛿𝑗𝑘 ��𝜀𝑘𝑙

On the surface (or interface),
𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝑏𝑢𝑙𝑘
𝜎𝛽𝛼
𝑛𝛽 + 𝜎𝛽𝛼,𝛽
𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝜎𝛼𝛽

𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝜎𝑖𝑗𝑏𝑢𝑙𝑘 𝑛𝑗 𝑛𝑖 = 𝜎𝛼𝛽

=0

𝜅𝛼𝛽

(3.2b)

= 𝜏 0 𝛿𝛽𝛼 + 2(𝜇 𝑠 − 𝜏 0 )𝛿𝛽𝛾 𝜀𝛾𝛼 + (𝜆𝑠 + 𝜏 0 )𝜀𝛾𝛾 𝛿𝛽𝛼

where, λ and µ are the Lamé constants for the isotropic bulk material. The
surface/interface can be characterized by surface Lamé constants 𝜆𝑠 and µ𝑠 , which give

deformation dependent surface energy.
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Other symbols denote the following (26); 𝜅𝛼𝛽 is the curvature tensor of the
surface/interface, 𝜏 0 is residual surface tension under unrestrained conditions, 𝑛𝛼 is
normal vector to surface/ interface, and 𝜀𝑖𝑗 is infinitesimal strain tensor. It is noted that

only certain strain components appear within the constitutive law for surfaces due to the
2 × 2 nature of the surface stress tensor (i.e. strains normal to the surface are excluded).
The Greek indices take on values 1 and 2 while Latin subscripts adopt values 1 through 3.
Conventional summation rules apply unless otherwise noted.
For cylindrical structure, i.e., nanowires, we can rewrite this equation as
𝜎𝜃 = 𝜎𝜃𝜃 = 𝜏 0 + (2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 )𝜀𝜃𝜃 = 𝜏 0 + 𝐾 𝑠 𝜀𝜃𝜃

(3.3)

The bulk of the nanowire will be assumed to be an isotropic, linearly elastic solid. Using
the analogy between thermal stresses (27, 28) and DISs, we can write,
Ω

1

𝜀𝑟𝑟 − 3 𝐶 = 𝐸 �𝜎𝑟 − 𝜈(𝜎𝜃 + 𝜎𝑧 )�

(3.4)

Similarly,
Ω

1

𝜀𝜃𝜃 − 3 𝐶 = 𝐸 (𝜎𝜃 − 𝜈(𝜎𝑟 + 𝜎𝑧 ))

(3.5)

where 𝐸 is the Young’s modulus, 𝐶 is the molar concentration, and Ω is the partial molar

volume of the solute. Depending upon the axial stress conditions, the axial strain can
have three possibilities.
i.

If the electrode is a long wire, the strain in the z-direction may be negligible.

ii.

This is the plane strain condition, i.e., 𝜀𝑧𝑧 = 0 .
𝑅

If nanowires are free at the ends, 𝐹𝑧 = ∫0 2𝜋𝑟𝜎𝑧 𝑑𝑟 = 0. This is the generalized
plane strain condition.

iii.

If there is no axial stress present, 𝜎𝑧 = 0. This is the plane stress condition.
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We further assume that the physicochemical properties associated with the linear elastic
solid are independent of concentration.
In practice, nanowires electrodes are long wires grown on a substrate and thus one of the
ends of the wire is always attached to the substrate. The other end is free to expand.
Changes in stress condition at the fixed end have effect on the stress distribution near that
end. But according to Saint-Venant’s principle (28), the effects on stress due by the fixed
end are expected to diminish with distance from the fixed end. Since the other end is free
to expand, we can assume that long nanowires with a fixed end are under the generalized
plane strain condition (i.e., condition ii).
Since atomic diffusion in solids is a much slower process than elastic deformation,
mechanical equilibrium is established much faster than that of diffusion. Mechanical
equilibrium is, therefore, treated as a static equilibrium problem (24). In the absence of
any body force, the equation for static mechanical equilibrium in the bulk of a cylinder is
𝑑𝜎𝑟
𝑑𝑟

+

𝜎𝑟 −𝜎𝜃
𝑟

=0

(3.6)

For infinitesimally small deformation, the radial and tangential strain of cylindrical
particle can be related to radial displacement 𝑢, by the relation,
𝜀𝑟𝑟 =

𝑑𝑢
𝑑𝑟

, 𝜀𝜃𝜃 =

𝑢

(3.7)

𝑟

There is no displacement at the center, and 𝑢(0) = 0.
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Furthermore, the radial stress 𝜎𝑟 must satisfy mechanical equilibrium at the surface r = R
(where, R is the radius of the cylinder) (26),

𝜎𝑟 │𝑟=𝑅 = −

𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝜎𝜃

(3.8)

𝑅

Using these conditions, Equations 3.3 through 3.8, and no further assumptions, we can
express the stress components as
(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 )
(1 + 𝜈)
1
−
Ω
1
1
𝐸𝑅
𝜎𝑟 = 𝐸 ∗ � �
� 𝐶𝑎𝑣𝑔 (𝑅) − 𝐶𝑎𝑣𝑔 (𝑟)�
𝑠
𝑠
0
(2𝜇 + 𝜆 − 𝜏 ) ∗
2
3
2
1+
𝜈
𝐸𝑅
𝜏 0�
⎡
⎤
𝑅
⎢
⎥
−⎢
(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 ) ∗ ⎥
⎢1 +
𝜈 ⎥
𝐸𝑅
⎣
⎦

(3.9)

(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 )
(1 + 𝜈)
1
Ω ∗ 1 1−
𝐸𝑅
𝜎𝜃 = 𝐸 � �
� 𝐶𝑎𝑣𝑔 (𝑅) + 𝐶𝑎𝑣𝑔 (𝑟) − 𝐶(𝑟)�
𝑠
𝑠
0
(2𝜇 + 𝜆 − 𝜏 ) ∗
2
3
2
1+
𝜈
𝐸𝑅
𝜏 0�
⎡
⎤
𝑅
⎢
⎥
−⎢
𝑠
𝑠
0
(2𝜇 + 𝜆 − 𝜏 ) ∗ ⎥
⎢1 +
𝜈 ⎥
𝐸𝑅
⎣
⎦

(3.10)
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⎡
(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 )
(1 + 𝜈)
⎢Ω
1−
𝐸𝑅
𝜎𝑧 = 𝑗 ⎢ 𝐸 ∗ ��𝑞 ∗ + 𝜈
� 𝐶𝑎𝑣𝑔 (𝑅) − 𝐶(𝑟)�
(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 ) ∗
⎢3
1+
𝜈
⎢
𝐸𝑅
⎣
𝜏 0�
⎡
⎤⎤
𝑅
⎢
⎥⎥⎥
− 2𝜐 ⎢
(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 ) ∗ ⎥⎥
⎢1 +
𝜈 ⎥⎥
𝐸𝑅
⎣
⎦⎦

(3.11)

𝑟

where 𝐶𝑎𝑣𝑔 (𝑟) = (2/𝑟 2 ) ∫0 𝐶(𝑟′)𝑟′𝑑𝑟′ is the average concentration inside a cylinder of

unit length and radius 𝑟. Here,
i.

For the plane strain condition:

ii.

𝐸 ∗ = (1−𝜈) , 𝜈 ∗ = (1 − 2𝜈)(1 + 𝜈), 𝑞 ∗ = 0, 𝑗 = 1

iii.

𝐸 ∗ = (1−𝜈) , 𝜈 ∗ = (1 − 2𝜈)(1 + 𝜈),

𝐸

(3.12)

For the generalized plane strain condition:
𝐸

For the plane stress condition:

𝑞 ∗ = (1 − 𝜈) ,

𝐸 ∗ = 𝐸 , 𝜈 ∗ = (1 − 𝜈), 𝑞 ∗ = (1 − 𝜈) ,

𝑗=1

𝑗=0

(3.13)

(3.14)

The stress components contain surface energy and surface tension terms, and the
following definitions are used to streamline notation:

(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 )
(1 + 𝜈)
1−
𝐸𝑅
𝑆1 = �
� ,
(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 ) ∗
1+
𝜈
𝐸𝑅

𝜏 0�
⎡
⎤
𝑅
⎢
⎥
𝑆2 = − ⎢
(2𝜇 𝑠 + 𝜆𝑠 − 𝜏 0 ) ∗ ⎥
⎢1 +
𝜈 ⎥
𝐸𝑅
⎣
⎦
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(3.15)

Note that the quantities 𝜇 𝑠 , 𝜆𝑠 and 𝜏 0 multiply onto 𝐶𝑎𝑣𝑔 (𝑅) , which is a time-dependent

quantity. The term S2 has dimensions of stress and the negative sign ensures that it is

always compressive relative to the radial, tangential, or axial stress. The radius 𝑅 in the

denominator makes clear that as the size of the electrode particle is reduced, S2 will have
a greater effect on the principal stresses. Thus, in nanoscale structures, surface tension
can be expected to play an important role in affecting DISs.

3.4

Diffusion in a cylinder: potentiostatic operation

Lithium ions diffuse in or out of the electrode during charging or discharging. For dilute
solutes within the cylindrical host material, the solute (lithium ion) concentration is
governed by the diffusion equation:
𝜕𝐶
𝜕𝑡

𝜕2 𝐶

1 𝜕𝐶

= 𝒟 �𝜕𝑟 2 + 𝑟 𝜕𝑟 �

(3.16)

There are two possible ways of operating a battery:
a. Potentiostatic operation: the electrode is surrounded by a constant lithium ion
concentration.
b. Galvanostatic operation: the current, thus the ionic flux at the surface of the
electrode, is a constant.
Here, we assume that the electrode surface is surrounded by an invariant lithium ion
concentration CR (reflecting facile electrochemical kinetics and a porous-electrode system
dominated by solute-diffusion resistance (24, 25)). The case of galvanostatic charging is
discussed in details in the section 3.6.
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We assume the initial lithium ion concentration inside the electrode is C0. In addition, the
concentration at the center is finite. The initial and boundary conditions are, therefore,
𝐶(𝑟, 0) = 𝐶0 ,

𝐶(𝑅, 𝑡) = 𝐶𝑅 ,

𝐶(0, 𝑡) = 𝑓𝑖𝑛𝑖𝑡𝑒,

𝑓𝑜𝑟 0 ≤ 𝑟 ≤ 𝑅
𝑓𝑜𝑟 𝑡 ≥ 0

𝑓𝑜𝑟 𝑡 ≥ 0

Equation 3.16 can be made dimensionless with the following:
𝑟

𝒟𝑡

𝐶−𝐶0

𝑥 = 𝑅 , 𝑇 = 𝑅2 , 𝑦 = 𝐶

(3.17)

𝑅 −𝐶0

Hence,
𝜕𝑦
𝜕𝑇

𝜕2 𝑦

1 𝜕𝑦

= �𝜕𝑥 2 + 𝑥 𝜕𝑥 �

(3.18)

The initial and boundary conditions can be rewritten in the dimensionless form as
𝑦(𝑥, 0) = 0,

𝑦(1, 𝑇) = 1,

𝑦(0, 𝑇) = 𝑓𝑖𝑛𝑖𝑡𝑒,

𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 1

𝑓𝑜𝑟 𝑇 ≥ 0

𝑓𝑜𝑟 𝑇 ≥ 0

(3.19)

The analytic solution of this problem is well known and is reproduced here (27),

𝑦(𝑥, 𝑇) =

𝐶(𝑟)−𝐶0
𝐶𝑅 −𝐶0

== 1 − 2 ∑∞
𝑛=1 �

2

𝑒 −𝜆𝑛 𝑇 𝐽0 (𝜆𝑛 𝑥)
�
𝜆𝑛 𝐽1 (𝜆𝑛 )
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(3.20)

where, 𝐽0 and 𝐽1 are the Bessel functions of the first kind of order 0 and 1 respectively,

and 𝜆𝑛 are the n solutions of equation 𝐽0 (𝜆𝑛 ) = 0. The average concentrations can be
written as,

𝑦𝑎𝑣𝑔 (𝑥) =
𝑦𝑎𝑣𝑔 (1) =

𝐶𝑎𝑣𝑔 (𝑟)−𝐶0
𝐶𝑅 −𝐶0

𝐶𝑎𝑣𝑔 (𝑅)−𝐶0
𝐶𝑅 −𝐶0

= �1 −

−𝜆2 𝑇

𝑒 𝑛 𝐽0 (𝜆𝑛 𝑥)
∑∞ �
�
𝑥 𝑛=1
𝜆𝑛 𝐽1 (𝜆𝑛 )
4

�

(3.21)

2

−𝜆𝑛 𝑇 2
= �1 − 4 ∑∞
/𝜆𝑛 �
𝑛=1 𝑒

(3.22)

We can now recast the stress components in dimensionless form:
𝜉𝑟 =

Ω
[3

𝜎𝑟

𝐸
(𝐶 − 𝐶0 )]
(1 − 𝜈) 𝑅

∞

1
𝐶0
2
= � 𝜈̅ �(𝑆1 − 1) �
� + 𝑆1 �1 − 4 � 𝑒 −𝜆𝑛𝑇 /𝜆2𝑛 �
2
𝐶0 − 𝐶𝑅
𝑛=1

∞

2

4
𝑒 −𝜆𝑛𝑇 𝐽0 (𝜆𝑛 𝑥)
𝑆2
− �1 − � �
� �� +
�
Ω 𝐸
𝑥
𝜆𝑛 𝐽1 (𝜆𝑛 )
(𝐶 − 𝐶0 )]
[3
𝑛=1
(1 − 𝜈) 𝑅
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(3.23)

𝜉𝜃 =

Ω
[3

𝜎𝜃

𝐸
(𝐶 − 𝐶0 )]
(1 − 𝜈) 𝑅

∞

1
𝐶0
2
= � 𝜈̅ �(𝑆1 − 1) �
� + 𝑆1 �1 − 4 � 𝑒 −𝜆𝑛𝑇 /𝜆2𝑛 �
2
𝐶0 − 𝐶𝑅
∞

𝑛=1

2

∞

2

𝑒 −𝜆𝑛𝑇 𝐽0 (𝜆𝑛 𝑥)
𝑒 −𝜆𝑛𝑇 𝐽0 (𝜆𝑛 𝑥)
4
� �� − 𝜈̅ �1 − 2 �
�
+ �1 − � �
𝑥
𝜆𝑛 𝐽1 (𝜆𝑛 )
𝜆𝑛 𝐽1 (𝜆𝑛 )
𝑛=1

+

𝜉𝑧 =

Ω
�3

Ω
[3

𝑆2

𝑛=1

�

𝐸
(𝐶 − 𝐶0 )]
(1 − 𝜈) 𝑅

(3.24)

𝜎𝑧

𝐸
(𝐶 − 𝐶0 )�
(1 − 𝜈) 𝑅

∞
⎡
𝐶0
2
⎢ ∗
∗
= 𝑗 ⎢�(𝑞 + 𝜈𝑆1 − 1) �
� + [𝑞 + 𝜈𝑆1 ] �1 − 4 � 𝑒 −𝜆𝑛𝑇 /𝜆2𝑛 �
𝐶0 − 𝐶𝑅
⎢
𝑛=1
⎣

⎤
2
𝑆2
𝑒 −𝜆𝑛𝑇 𝐽0 (𝜆𝑛 𝑥)
⎥
�� + 2𝜐
− �1 − 2 �
⎥
𝐸
Ω
(𝜆
)
𝜆𝑛 𝐽1 𝑛
(𝐶𝑅 − 𝐶0 )�⎥
�3
𝑛=1
(1 − 𝜈)
⎦
∞

(3.25)

For the plane-strain condition, 𝜈̅ = 1; for the generalized plane-strain condition, 𝜈̅ = 1;

and for the plane-stress condition, 𝜈̅ = (1 − 𝜈). The quantities 𝜉𝑟 , 𝜉𝑧 , and 𝜉𝜃 represent

dimensionless stresses in 𝑟, 𝜃, and 𝑧 directions, respectively.
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On charge, lithium ions will be inserted into the negative electrode and extracted from the
positive electrode; the opposite holds true for discharge.
We can plot dimensionless concentration at different radial positions and time using
Equation (3.20) as depicted in Figure 3.1. First, we consider a case of an electrode with a
large diameter. There will be neither surface tension nor surface energy effects on the
stresses. In this case, S1=1 and S2=0. We plot dimensionless radial and tangential stresses.
We find that radial stresses (solid lines, Figure 3.2), in both plane strain and generalized
plane stress conditions are similar. Similarly, tangential stresses (solid lines, Figure 3.4),
in these two conditions are identical. We assume that the initial concentration of solute
(lithium ion) inside the electrode is 𝐶0 = 0. Similarly, we plot radial and tangential stress
for plane stress condition for a large diameter electrode.

In all the three cases, the radial stress at the center initially increases, reaches a maximum
𝒟𝑡

when 𝑇 = 𝑅2 = 0.076 , and then decreases gradually until the electrode reaches
saturation concentration. The radial stress is always tensile if there are no surface effects.

The tangential stress is tensile at the center and compresssive at the surface. The
magnitude of radial and tangential stress are the same at the center. The tangential stress
maxima occures at the surface at time zero. At time zero and 𝑟 = 𝑅, 𝐶𝑎𝑣𝑔 (𝑅) =

𝐶𝑎𝑣𝑔 (𝑟) ≅ 0, and 𝐶(𝑟) = 𝐶𝑅 . From equation (3.10) & (3.13), for the plane strain and

generalized plane strain condition,

Ω

𝜎𝜃
𝐸

�

[ (1−𝜈)𝐶𝑅 ]
3
𝑚𝑎𝑥

≅ −𝜈̅ +

Ω

𝑆2
𝐸

(3.26)

[ (1−𝜈)𝐶𝑅 ]
3
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Here, 𝜈̅ value is same as mentioned in equation (3.25) depending upon axial loading
condition. Equation (3.26) gives the maximum tangential stress that the electrode
material will be subjected to. The maximum tangential stress will vary depending upon
value of S2 and the axial loading condition. It can be used as an important parameter to
design an electrode material.
In the absense of surface effects (𝑆1 = 1 and 𝑆2 = 0), the equation system is symmetric,

and mirror opposite conclusions hold for the case of deinsertion (i.e., replacing tensile

stress by compressive stress). This stress distribution is independent of the particle radius;
with proper time and radius scaling, the stress distribution is idential for all particle radii.

We see, from Figures 3.3, 3.5 and 3.6, that all three stresses are dependant on the axial
loading condition of the electrode. Furthermore, the radial and tangential stresses for
plane strain and generalized plane strain condition are exactly the same. In contrast, the
axial stresses are significantly different in the two cases. The plane stress condition leads
to different radial and tangential stresses than plane strain conditions (see, Figures 3.3
and 3.5).
We now consider the influence of small electrode diameters and surface effects on stress
distribution. For evaluating the surface effects, the parameters values of Reference (24)
are employed directly, making it straightforward to compare spherical and cylindrical
electrodes. Specifically, E = 10 GPa, ν = 0.3, and (Ω/3)CR = 0.08. We take surface
tension value as 1 Jm-2 and (2𝜇 𝑠 + 𝜆𝑠 ) is 5 Nm-1, which is of same order of magnitude as
surface modulus values of Al and Si (28).
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Ω

𝐸

With these values, we get 𝑆1 = 0.9855 and �𝑆2 �� 3 (1−𝜈) 𝐶𝑅 �� = −0.0174. The plots
obtained of dimensionless radial and tangential stress vs. radial distance for a 5 nm
cylindrical wire are shown in Figures 3.2 and 3.4 (dashed lines). These are for plane
strain conditions in axial direction. Similar plots can be obtained for the other two axial
boundary conditions. In both the Figures 3.2 and 3.4, by comparing solid lines and dashes
lines, it can be observed that at the nanoscale, there is a significant decrease in both radial
and tangential stresses.
We plot radial and tangential stress at time T =0.076 for cylindrical electrodes of different
diameters in Figures 3.7 and 3.8, respectively. For insertion, the maximum tangential
stress is always compressive and its magnitude is increased as the particle radius is
decreased.
It can be observed that, as radius decreases, the effect of surface tension becomes much
more significant. These results make it clear that when the influence of surface tension is
incorporated, smaller (nano-scale) wires see a more compressive stress environment,
which would decrease the probability of crack formation due to tensile stress.
3.5

Strain energy

Due to deformation, elastic strain energy is stored in the electrode. This energy is a
driving force for crack propagation in the electrode. Reference (25) overviews a strainenergy analysis for spherical particles. For nano-scale particles, the surface strain energy
also has a significant contribution to total energy. The total strain energy for the particle
can be expressed as
𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑏𝑢𝑙𝑘 + 𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒

(3.27)
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From the stresses, we can calculate the bulk strain energy per unit volume or bulk strain
energy density e(r) accumulated as a result of the elastic deformation for the isotropically
deformed cylinder as (28)
1

𝜈

𝑒(𝑟) = 2𝐸 �𝜎𝑟2 + 𝜎𝜃2 + 𝜎𝑧2 � − 𝐸 (𝜎𝑟 𝜎𝜃 + 𝜎𝜃 𝜎𝑧 + 𝜎𝑧 𝜎𝑟 )

(3.28)

The total bulk strain energy can be obtained by integrating the strain energy density over
the entire volume. The bulk strain energy per unit length of the wire can be obtained as
𝑅

𝐸𝑏𝑢𝑙𝑘 = 2𝜋 ∫0 𝑒(𝑟)𝑟𝑑𝑟
𝑅

(3.29)

1
𝜈
�𝜎𝑟2 + 𝜎𝜃2 + 𝜎𝑧2 � − (𝜎𝑟 𝜎𝜃 + 𝜎𝜃 𝜎𝑧 + 𝜎𝑧 𝜎𝑟 ) ]𝑟𝑑𝑟
2𝐸
𝐸

𝐸𝑏𝑢𝑙𝑘 = 2𝜋 � [
0

In dimensionless form,

∏𝑏𝑢𝑙𝑘

1
𝐸𝑏𝑢𝑙𝑘
=
= � [�𝜉𝑟2 + 𝜉𝜃2 + 𝜉𝑧2 � − 2𝜈(𝜉𝑟 𝜉𝜃 + 𝜉𝜃 𝜉𝑧 + 𝜉𝑧 𝜉𝑟 ) ]𝑥𝑑𝑥
(𝐶
)
−
𝐶
Ω
0 2
0
𝜋𝑅 2 𝐸( 3 𝑅
)
(1 − 𝜈)

(3.30)

Along with bulk strain energy, surface strain energy is also stored in the electrode. To
derive an expression for surface strain-energy density, we consider a cylinder of original
diameter R that is stretched to a new radius R + ∆R (cf. Figure 3.11). The surface stress
has two parts (see, Equation 3.3). The contribution to the total surface energy as a result
of the increase in radius can be expressed as
2𝜋ℎ(𝑅 + ∆𝑅)𝜏 0 − 2𝜋ℎ𝑅𝜏 0 = 2𝜋ℎ∆𝑅𝜏 0 = 2𝜋ℎ𝑅
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∆𝑅 0
𝜏
𝑅

= 2𝜋ℎ𝑅𝜀𝜃 𝜏 0

(3.31)

The contribution of the surface tension 𝜏 0 to the surface strain energy density is, therefore,
2𝜋ℎ(𝑅+∆𝑅)𝜏0 −2𝜋𝑅ℎ𝜏0
2𝜋𝑅ℎ

=

2𝜋ℎ∆𝑅𝜏0
2𝜋𝑅ℎ

= 𝜀𝜃 𝜏 0

(3.32)

We now consider the contribution of 𝐾 𝑠 𝜀𝜃 to the surface-strain energy density. With the
assistance of Figure 3.11, we note that a force balance yields
(𝜎 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 − 𝜏 0 )ℎ = 𝐾 𝑠 𝜀𝜃 ℎ

(3.33)

The work is the shaded area in Figure 3.11 and is given by
1
2

1

(𝜎 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 − 𝜏 0 )ℎ𝑑𝑅𝑑𝜃 = 𝐾 𝑠 𝜀𝜃 ℎ𝑑𝑅𝑑𝜃
2

(3.34)

The work per unit area is, therefore, given by
1 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
�𝜎
−𝜏0 �ℎ𝑑𝑅𝑑𝜃
2

ℎ𝑑𝑅𝑑𝜃

=

1 𝑠
𝐾 𝜀𝜃 ℎ𝑑𝑅𝑑𝜃
2

ℎ𝑑𝑅𝑑𝜃

1

= 2 𝐾 𝑠 𝜀𝜃

(3.35)

Thus total surface strain energy can be written as,
1

𝑇𝑜𝑡𝑎𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑠𝑡𝑟𝑎𝑖𝑛 𝑒𝑛𝑒𝑟𝑔𝑦 = 2𝜋𝑅(𝜏 0 𝜀0 + 2 𝐾 𝑠 𝜀𝜃2 )

(3.36)

To compare with bulk strain energy, this surface strain energy is normalized with the
same quantity,

∏𝑠𝑢𝑟𝑓𝑎𝑐𝑒 =

1
2
Ω�𝐶𝑅 −𝐶0 � 2
)
𝜋𝑅 2 𝐸( (1−𝜈)
3

2
2𝜋𝑅(𝜏0 𝜀0 + 𝐾𝑠 𝜀𝜃
)

=

1
2
Ω�𝐶𝑅 −𝐶0 � 2
)
𝑅𝐸( (1−𝜈)
3

2
2(𝜏0 𝜀0 + 𝐾𝑠 𝜀𝜃
)

(3.37)

Thus total strain energy stored in the electrode due to volumetric expansion is an addition
of the bulk and surface strain energies.
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Figure 3.9 shows the dimensionless bulk strain energy, surface strain energy, and total
strain energy stored in 5 nm cylindrical electrode due to lithium intercalation in
generalized plane strain condition. We can see that surface strain energy has a
considerable effect on the total strain energy. In addition, it can be inferred that the
surface strain energy has a comparable magnitude to the bulk strain energy for the 5 nm
electrode in all the three cases. This confirms the fact that for representative parameters
values and nano-scale electrode dimensions, the surface effects are considerably strong
and can mitigate deleterious effects of DISs in terms of fracture propagation; hence, from
a fracture perspective, nano-scale electrodes can be expected to provide higher cycle life
than electrodes constructed with large particles. Experiments with nanowire electrodes
support this. For example, Chan et al. (1), showed that silicon nanowires can
accommodate large strain without pulverization.
Nanowire structured electrodes of different material like Si, Sn, TiO2 have been
investigated experimentally. These experiments also confirm better behavior of nanowire
electrodes than bulk electrodes (4, 29-35). These results depend upon the surface and
material properties of the electrode material (36), and we have not considered potential
deleterious chemical reactions that are enhanced by increased electrode surface area, such
as solvent reduction on carbon negatives (37). Using this mathematical model, we can
select the best possible material for the electrode, in terms of resistance to crack
propagation, by comparing this total energy calculated with the surface energy for
cracking. Thus at nano-scale, not only bulk strain energy but surface strain energy should
be considered for predicting the initiation and propagation of fracture.
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Figure 3.10 shows the variation of total strain energy in all the axial loading conditions.
The difference in the nature of strain energy profiles in all the three cases is due to the
different nature of axial stress. From Figure 3.10 we can see that, in case of the plane
stress and generalized plane strain condition, strain energy increases initially, reaches a
peak value, and then decreases. On the other hand, in case of the plane strain condition,
energy increases initially and then a reaches a steady maximum value. The valley seen in
the plane strain curve is consistent with the radial and tangential stress maxima. The
increase in total energy afterwards is related to the continuous increase in magnitude of
axial stress. The electrode subjected to the plane stress condition exhibits less stored
strain energy and is thus less prone to cracking as compared to other two cases.

3.6

Stress and strain energy analysis for the galvanostatic operation:

The battery is charged with a constant current density ′𝐼′. Hence, the ionic flux at the

surface of the electrode is constant. The appropriate boundary and initial conditions to
solve the diffusion equation can be written as,
𝐶(𝑟, 0) = 𝐶0 ,

𝑓𝑜𝑟 0 ≤ 𝑟 ≤ 𝑅

𝐷

𝑓𝑜𝑟 𝑡 ≥ 0

𝑑𝐶(𝑟, 𝑡)
𝐼
�
= ,
𝑑𝑟 𝑟=𝑅 𝐹

𝐶(0, 𝑡) = 𝑓𝑖𝑛𝑖𝑡𝑒,

𝑓𝑜𝑟 𝑡 ≥ 0

(3.38)

where F is Faraday’s constant.

54

The diffusion equation, Equation 3.16, can be normalized using the following
dimensionless parameters:
𝑟

𝒟𝑡

𝐹𝒟

𝑥 = 𝑅 , 𝑇 = 𝑅2 , 𝑦 = [𝐶(𝑟, 𝑡) − 𝐶0 ] ∗

(3.39)

𝐼𝑅

The initial and boundary conditions can be rewritten in the dimensionless form as
𝑦(𝑥, 0) = 0,

𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 1

𝑑𝑦(𝑥, 𝑇)
�
= 1,
𝑑𝑥
𝑥=1

𝑓𝑜𝑟 𝑇 ≥ 0

𝑦(0, 𝑇) = 𝑓𝑖𝑛𝑖𝑡𝑒,

𝑓𝑜𝑟 𝑇 ≥ 0

(3.40)

The analytic solution of this problem is well known and is reproduced here (27),

𝑦(𝑥, 𝑇) = − �2𝑇 +

𝑥2
2

1

− 4 − 2 ∑∞
𝑛=1

2

𝑒 −𝜆𝑛 𝑇 𝐽0 (𝜆𝑛 𝑥)
�
𝜆𝑛 2 𝐽0 (𝜆𝑛 )

(3.41)

where, 𝐽0 and 𝐽1 are the Bessel functions of the first kind of order 0 and 1 respectively,

and 𝜆𝑛 is the nth solution of equation 𝐽1 (𝜆𝑛 ) = 0. The average concentrations can be
written as,

𝑦𝑎𝑣𝑔 (𝑥) =
𝑦𝑎𝑣𝑔 (1) =

𝐶𝑎𝑣𝑔 (𝑟)−𝐶0
�

𝐼𝑅
�
𝐹𝒟

𝐶𝑎𝑣𝑔 (𝑅)−𝐶0
�

𝐼𝑅
�
𝐹𝒟

= − �2𝑇 +

𝑥2
4

1

4

− 4 − 𝑥 ∑∞
𝑛=1

= −2𝑇

2

𝑒 −𝜆𝑛 𝑇 𝐽0 (𝜆𝑛 𝑥)
�
𝜆𝑛 2 𝐽0 (𝜆𝑛 )

(3.42)

(3.43)
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We can derive the stress components in dimensionless form:
𝜉𝑟 =

𝜎𝑟
Ω 𝐸
𝐼𝑅
[3
]
(1 − 𝜈) 𝐹𝒟
=

1
𝐶0
𝜈̅ �(𝑆1 − 1) �
� + 𝑆1 (−2𝑇)
𝐼𝑅
2
�𝐹𝒟�
∞

2

𝑥2 1 4
𝑒 −𝜆𝑛𝑇 𝐽0 (𝜆𝑛 𝑥)
𝑆2
+ �2𝑇 + − − �
�� +
2
Ω 𝐸
𝐼𝑅
4 4 𝑥
𝜆𝑛 𝐽0 (𝜆𝑛 )
[3
]
𝑛=1
(1 − 𝜈) 𝐹𝒟

𝜉𝜃 =

Ω
[3

(3.44)

𝜎𝜃

𝐸
𝐼𝑅
� �]
(1 − 𝜈) 𝐹𝒟
=

1
𝐶0
𝜈̅ �(𝑆1 − 1) �
� + 𝑆1 (−2𝑇)
𝐼𝑅
2
�𝐹𝒟�
∞

2

𝑥2 1 4
𝑒 −𝜆𝑛𝑇 𝐽0 (𝜆𝑛 𝑥)
− �2𝑇 + − − �
��
2
4 4 𝑥
(𝜆𝑛 )
𝜆
𝐽
𝑛
0
𝑛=1
∞

2

𝑥2 1
𝑒 −𝜆𝑛𝑇 𝐽0 (𝜆𝑛 𝑥)
𝑆2
+ 𝜈̅ �2𝑇 + − − 2 �
�+
2
Ω 𝐸
𝐼𝑅
2 4
𝜆𝑛 𝐽0 (𝜆𝑛 )
[3
� �]
𝑛=1
(1 − 𝜈) 𝐹𝒟
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(3.45)

𝜉𝑧 =

Ω
�3

𝜎𝑧

𝐼𝑅
𝐸
�𝐹𝒟��
(1 − 𝜈)

⎡
𝐶0
⎢
= 𝑗 ⎢�(𝑞 ∗ + 𝜈𝑆1 − 1) �
� + [𝑞 ∗ + 𝜈𝑆1 ](−2𝑇)
𝐼𝑅
�𝐹𝒟�
⎢
⎣

∞
⎤
2
𝑥2 1
𝑒 −𝜆𝑛𝑇 𝐽0 (𝜆𝑛 𝑥)
𝑆2
⎥
+ �2𝑇 + − − 2 �
�� + 2𝜐
2
⎥
Ω
𝐸
𝐼𝑅
2 4
𝜆𝑛 𝐽0 (𝜆𝑛 )
�3
�𝐹𝒟��⎥
𝑛=1
(1 − 𝜈)
⎦

(3.46)

For the plane-strain condition, 𝜈̅ = 1; for the generalized plane-strain condition, 𝜈̅ = 1;

and for the plane-stress condition, 𝜈̅ = (1 − 𝜈). The quantities 𝜉𝑟 , 𝜉𝑧 , and 𝜉𝜃 represent

dimensionless stresses in 𝑟, 𝑧 and 𝜃 directions, respectively.

On charging, lithium ions will be inserted into the negative electrode and extracted from
the positive electrode; the opposite holds true for discharging.
Similar to the potentiostatic case we calculate bulk strain energy, surface strain energy,
and total strain energy for all the three cases. We also compare the total strain energies of
the three cases as shown in Figure 3.19
∏𝑏𝑢𝑙𝑘 =

𝐸𝑏𝑢𝑙𝑘
Ω 𝐼𝑅 2
2
𝜋𝑅 𝐸(
)
3(1−𝜈)𝐹𝒟

∏𝑠𝑢𝑟𝑓𝑎𝑐𝑒 =

1
2

2
2𝜋𝑅(𝜏0 𝜀0 + 𝐾𝑠 𝜀𝜃
)

𝜋𝑅 2 𝐸(

1

= ∫0 [�𝜉𝑟2 + 𝜉𝜃2 + 𝜉𝑧2 � − 2𝜈(𝜉𝑟 𝜉𝜃 + 𝜉𝜃 𝜉𝑧 + 𝜉𝑧 𝜉𝑟 ) ]𝑥𝑑𝑥

Ω 𝐼𝑅 2
)
3(1−𝜈)𝐹𝒟

=

(3.47)

1
2

2
2(𝜏0 𝜀0 + 𝐾𝑠 𝜀𝜃
)

𝑅𝐸(

Ω 𝐼𝑅 2
)
3(1−𝜈)𝐹𝒟

(3.48)
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We can also calculate,
∏𝑡𝑜𝑡𝑎𝑙 = ∏𝑏𝑢𝑙𝑘 + ∏𝑠𝑢𝑟𝑓𝑎𝑐𝑒

(3.49)

We plot dimensionless concentration at different radial positions and time using Equation
(3.39) in Figure 3.12. We should note that, after a time T~ 0.4, the concentration at the
surface reaches maximum possible concentration. After this point constant current
operation does not hold true. First, we consider a case of an electrode with a large
diameter for which

we can neglect surface tension and surface energy effects. In this

case, S1=1 and S2=0. We plot dimensionless radial and tangential stresses. We find that
radial stresses (solid lines) in both plane strain and generalized plane stress conditions are
similar. Likewise, tangential stresses in these two conditions are identical. We assume
that the initial concentration of solute (lithium ion) inside the electrode is 𝐶0 = 0.

Similarly, we plot radial and tangential stress for plane stress condition for a large
diameter electrode. In all the three cases, the radial stress at the center initially increases,
𝒟𝑡

reaches a maximum when 𝑇 = 𝑅2 = 0.35 , and then remain constant until the electrode
reaches the saturation concentration. The radial stress is always tensile if there are no

surface effects. The tangential stress is tensile at the center and compresssive at the
surface. The magnitudes of radial and tangential stress are the same at the center. The
tangential stress maxima occurs at the surface at time zero. At time zero
and r=R, we have Cavg (R)= Cavg (r)≅0, and C(𝑟)=CR. From Equation (3.45), we obtrain,
for the plane strain and generalized plane strain condition,
𝜎𝜃
Ω 𝐸 𝐼𝑅
[ (1−𝜈) ]
3
𝐹𝒟

�

𝑚𝑎𝑥

≅ −𝜈̅ ∙ 𝑦(1) +

𝑆2
Ω 𝐸 𝐼𝑅
[ (1−𝜈) ]
3
𝐹𝒟

(3.50)
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Here, 𝜈̅ value is same as that in Equation (3.46) depending upon the axial loading

condition. Eq (3.50) gives the maximum tangential stress that the electrode material

experiences. The maximum tangential stress varies depending upon the value of S2 and
the axial loading condition. It can be used as an important parameter to design an
electrode material.
In the absense of surface effects (𝑆1 = 1 and 𝑆2 = 0), the equation system is symmetric
with respect to insertion and deinsertion, and mirror opposite conclusions hold for the

case of deinsertion (i.e., replacing tensile stress by compressive stress). This stress
distribution is independent of the wire radius; with proper time and radius scaling, the
stress distribution is idential for all wire radii.
From Figures 3.15, 3.16 and 3.17, we see that, all the three stresses depend on the axial
loading condition of the electrode.
We note that the radial and tangential stresses for plane strain and generalized plane
strain condition are exactly the same. On the other hand, from Figure 3.16, the axial
stresses are significantly different in the two cases. The plane stress condition has
altogether different radial and tangential stresses than the plane strain conditions.
We now consider the influence of small electrode diameters and surface effects on stress
distribution. For evaluating the surface effects, the parameters values of Reference (24)
are employed, making it straightforward to compare spherical and cylindrical electrodes.
Specifically, E = 10 GPa, ν = 0.3, and (Ω/3)CR = 0.08.
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We take surface tension value as 1 Jm-2 and (2𝜇 𝑠 + 𝜆𝑠 ) is 5 Nm-1, which is of same order
of magnitude as surface modulus values for Al and Si (28). With these values, we obtain
Ω

𝐸

𝐼𝑅

𝑆1 = 0.9855 and �𝑆2 �� 3 (1−𝜈) 𝐹𝒟�� = −0.0174.
The plots for dimensionless radial and tangential stress vs. radial distance of a 5 nm
cylindrical wire are shown in Figures 3.13 and 3.14. These are for plane strain conditions
in the axial direction. Similar plots can be obtained for the other two axial boundary
conditions. In both Figures 3.13 and 3.14, by comparing the solid and dashes lines, we
observe that, at the nano-scale, there is a significant decrease in both radial and tensile
stresses.
For insertion, the maximum tangential stress is always compressive and its magnitude
increases as the particle radius decreases. It can be observed that, as the radius decreases,
the effect of surface tension becomes more significant.
These results shows that when the influence of surface tension is incorporated, smaller
(nano-scale) wires experience a more compressive stress environment, which would
decrease the probability of crack formation due to tensile stresses.
Figure 3.18 shows the dimensionless bulk strain energy, surface strain energy, and total
strain energy stored in 5 nm cylindrical electrodes due to lithium intercalation under the
generalized plane strain condition. We can see that the surface strain energy has a
considerable effect on the total strain energy. In addition, the surface strain energy has a
comparable magnitude to the bulk strain energy for the 5 nm electrode in all the three
cases.
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This confirms that for representative surface parameters, the surface effects are
considerably strong and can mitigate deleterious efforts of DISs in terms of fracture
propagation for nano-scale electrodes. Hence, from a fracture perspective, nano-scale
electrodes should provide longer cycle life than large electrodes. These results also
depend upon the surface and material properties of the electrode material (36).
Using this mathematical model, we can select the best possible material for the electrode
in terms of resistance to crack propagation by comparing this total energy calculated with
the surface energy for cracking. Thus at nano-scale, not only bulk strain energy but
surface strain energy should be considered for predicting the initiation and propagation of
fracture.
Figure 3.19 shows that variation of total strain energy in all the axial loading conditions.
The difference in the nature of strain energy profiles in all the three cases is due to the
different nature of axial stresses.
From Figure 3.19 we can see that, the electrode subjected to the plane stress condition
exhibits less stored strain energy and is thus less prone to cracking as compared to the
other two cases.
3.7

Conclusions

1. There can be a significant decrease in the diffusion induced stress due to surface
effects. Furthermore, we find in some cases that the tensile stress is converted to
compressive stress, which will inhibit crack formation and in turn reduce mechanical
degradation. The results clearly indicate that below a certain wire diameter, the
surface effect plays an important role.
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2. The importance of the contribution of surface strain energy to the total strain energy
is established. This leads to a conclusion that for nano-structured materials, the
fracture energy should be compared to total strain energy that includes both bulk and
surface strain energies. Surface strain energy analyses have not been incorporated in
previous studies.
3. A mathematical tool is developed for the analysis of stress, strain, and strain energy in
cylindrical nano-structured electrodes, which can be employed for materials with
known properties. This model can be used to optimize the cylindrical electrode size
depending upon the properties to maximize battery life. It may also be used as a tool
for battery life prediction.
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3.8

List of symbols
𝑟, 𝜃, 𝑧

cylindrical coordinates

𝛿𝛼𝛽

Kroneker delta function

𝛾

𝑠𝑢𝑟𝑓

𝜎𝛼𝛽

λ and µ
𝜆𝑠 𝑎𝑛𝑑 µ𝑠 ,
𝜅𝛼𝛽
𝜏0

𝑛𝛼

surface energy per unit area (𝐽 𝑚−2 )

surface stress (𝑁 𝑚−1 )
Lamé constants for isotropic bulk material (𝑁 𝑚−2 )
surface Lamé constants (𝑁 𝑚−1 )

curvature tensor of the surface ( 𝑚−1 )

residual surface tension under unrestrained conditions (𝑁𝑚)
normal vector

εij

infinitesimal strain tensor

𝑅

radius of the cylindrical electrode (𝑚)

Ω

partial molar volume of the solute (𝑚𝑜𝑙 𝑚−3 )

𝜈

Poisson’s ratio

𝐸
𝑢

Young’s modulus (𝑁 𝑚−2 )
radial displacement (𝑚)
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𝜎𝑟

radial stress (𝑁 𝑚−2 )

𝜎𝑧

axial stress (𝑁 𝑚−2 )

𝜎𝜃

𝜀𝑟𝑟

𝜀𝜃𝜃
𝜀𝑧𝑧

𝐶(𝑟, 𝑡)

𝐶𝑎𝑣𝑔 (𝑟)

𝐶𝑎𝑣𝑔 (𝑅)
𝐷
𝑡

𝑥

𝑇
𝑦

𝐽0 and 𝐽1
𝜉𝑟

tangential stress (𝑁 𝑚−2 )

radial strain
tangential strain
axial strain
solute concentration at radius 𝑟 at time 𝑡 (𝑚𝑜𝑙 𝑚−3 )

average concentration in the area of radius 𝑟 (𝑚𝑜𝑙 𝑚−3 )
average concentration in the area of radius 𝑅 (𝑚𝑜𝑙𝑚−3 )
diffusion coefficient of the solute (𝑚2 𝑠𝑒𝑐 −1 )
time (𝑠𝑒𝑐)

dimensionless radius
dimensionless time
dimensionless concentration
Bessel’s function of first kind of order 0 and 1 respectively
dimensionless radial stress
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𝜉𝜃
𝜉𝑧

𝐸𝑇𝑜𝑡𝑎𝑙
𝐸𝑏𝑢𝑙𝑘

𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒

e (r)
∏𝑏𝑢𝑙𝑘

∏𝑠𝑢𝑟𝑓𝑎𝑐𝑒

dimensionless tangential stress
dimensionless axial stress
total elastic energy stored in the cylinder of radius 𝑅 and height ℎ (𝐽)
strain energy stored due to bulk deformation (𝐽)

strain energy stored due to surface deformation (𝐽)
strain energy density (𝐽𝑚−3 )

dimensionless bulk strain energy
Dimensionless surface strain energy
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Figure 3.1: Lithium ion concentration (Eq. 3.20) inside an electrode at different radial
locations and times for the potentiostatic insertion condition.
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Figure 3.2: Radial stress (Eq. 3.23) inside an electrode at different radial locations at
different time. This is for generalized plane strain condition. Solid lines represents
stresses in large electrode i.e.no surface effects are considered (S1 = 1, S2 = 0). Dashed
lines represent stresses in 5 nm diameter nanowire electrodes i.e. surface effect is
Ω 𝐸
significant (𝑆1 = 0.9855 and �𝑆2 �� 3 (1−𝜈) 𝐶𝑅 �� = −0.0174 ). This is for the
potentiostatic charging of the battery.
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Figure 3.3: Radial stress inside an electrode at different radial locations and times. This is
for the potentiostatic charging of the battery. Solid lines represent plane stress condition.
Dashed lines represent generalized plane strain condition. No surface effects are
considered.
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Figure 3.4: Tangential stress (Eq. 3.24) inside an electrode at radial locations and times.
This is for generalized plane strain condition. This is for the potentiostatic charging of the
battery. Solid lines represents stresses in large electrode i.e. no surface effects are
considered (S1 = 1, S2 = 0). Dashed lines represent stresses in 5 nm diameter nanowire
Ω 𝐸
electrodes i.e. surface effect is significant (𝑆1 = 0.9855 and �𝑆2 �� 3 (1−𝜈) 𝐶𝑅 �� =

−0.0174 ).
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Figure 3.5: Tangential stress (Eq. 3.24) inside an electrode at different radial locations
and times. This is for the potentiostatic charging of the battery. Solid lines represent plane
stress condition. Dashed lines represent generalized plane strain condition. No surface
effects are considered.
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Figure 3.6: Axial stress (Eq. 3.25) inside an electrode at radial locations and times. This
is for the potentiostatic charging of the battery. Solid lines represent plane strain
condition. Dashed lines represent generalized plane strain condition. No surface effects
are considered.
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Figure 3.7: Radial stress at a dimensionless time T = 0.076 for electrodes with different
diameters. The results are for plane strain and generalized plane strain conditions. This is
for the potentiostatic charging of the battery.
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Figure 3.8: Tangential stress at dimensionless time T = 0.076 for electrodes with different
diameters. The results are for plane strain and generalized plane strain conditions. This is
for the potentiostatic charging of the battery.

78

Figure 3.9: Bulk strain energy, surface strain energy, total strain energy with time for a 5nm electrode subject to the generalized plane strain condition. This is for the
potentiostatic charging of the battery.
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Figure 3.10: Total strain energy variation with time for a 5-nm electrode. All the three
loading conditions are taken investigated, and it is clear that the total strain energy stored
varies with the axial loading condition. This is for the potentiostatic charging of the
battery
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Figure 3.11: A schematic illustration of contributions to strain-energy.
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Figure 3.12: Lithium ion concentration (Eq. 3.41) inside an electrode at different radial
locations and times for the galvanostatic insertion condition.
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Figure 3.13: Radial stress (Eq. 3.44) inside an electrode at different radial locations at
different time. This is for the galvanostatic charging of the battery. This is for plane strain
and generalized plane strain condition. Solid lines represents stresses in large electrode
i.e. no surface effects are considered (S1 = 1, S2 = 0). Dashed lines represent stresses in 5
nm diameter nanowire electrodes i.e. surface effect is significant (𝑆1 = 0.9855 and
Ω 𝐸 𝐼𝑅
�𝑆2 �� 3 (1−𝜈) 𝐹𝒟�� = −0.0174 ).
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Figure 3.14: Tangential stress (Eq. 3.45) inside an electrode at radial locations and times.
This is for the galvanostatic charging of the battery. Solid lines represents stresses in
large electrode i.e. no surface effects are considered (S1 = 1, S2 = 0). Dashed lines
represent stresses in 5 nm diameter nanowire electrodes i.e. surface effect is significant
Ω 𝐸 𝐼𝑅
(𝑆1 = 0.9855 and �𝑆2 �� 3 (1−𝜈) 𝐹𝒟�� = −0.0174 ).
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Figure 3.15: Radial stress (Eq. 3.44) inside an electrode at different radial locations and
times. This is for the galvanostatic charging of the battery. Solid lines represent plane
stress condition. Dashed lines represent generalized plane strain condition. No surface
effects are considered.
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Figure 3.16: Tangential stress (Eq. 3.45) inside an electrode at different radial locations
and times. This is for the galvanostatic charging of the battery. Solid lines represent plane
stress condition. Dashed lines represent generalized plane strain condition. No surface
effects are considered.
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Figure 3.17: Axial stress (Eq. 3.46) inside an electrode at radial locations and times. This
is for the galvanostatic charging of the battery. Solid lines represent the plane strain
condition. Dashed lines represent the generalized plane strain condition. No surface
effects are considered.
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Figure 3.18: Bulk strain energy, surface strain energy, total strain energy with time for a
5-nm electrode subject to the generalized plane strain condition. This is for the
galvanostatic charging of the battery.
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Figure 3.19: Total strain energy variation with time for a 5-nm electrode. All the three
loading conditions are taken investigated, and it is clear that the total strain energy stored
varies with the axial loading condition. This is for the galvanostatic charging of the
battery.
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CHAPTER 4

DESIGNING NANOTUBES AS DURABLE LITHIUM-ION BATTERY
NEGATIVE ELECTRODES WITH TIO2 NANOTUBES AS AN EXAMPLE

4.1

Summary

The capacity of lithium ion battery fades upon electrochemical cycling due to coupled
chemical and mechanical degradation. Diffusion induced stresses (DISs) upon charging
and discharging are considered to be one of the major causes of mechanical degradation
of electrodes. Different electrode particle geometries have shown different degradation
behavior. Here, we present a mathematical model for understanding DISs in cylindrical
tubular electrode elements. We understand the effect of the dimensions of tubes such as
inner diameter, outer diameter and length of tube on fracture tendencies. Depending upon
the dimensions of the tubular electrode element, it might undergo splitting along the
length or it may open up as a result of mechanical stresses. Splitting of the tube would be
more detrimental for battery applications since it results in the loss of electrical contact of
the electrode material from a current collector. We develop a simple mathematical
relation between the different tube dimensions for improved designing of the tubular
electrode with which tube splitting can be minimized. We also develop a way to calculate
critical current density for a given dimension of the tubular electrode beyond which the
tube has high tendency of cracking.
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Under the guidelines of the model, titania (TiO2) nanotube electrodes were prepared and
the cycling performance was evaluated. In accordance with the prediction, the tubes were
found to be mechanically stable upon electrochemical cycling.
4.2

Introduction

With widespread applications in portable electronics such as cellphones, laptops and
other electronic gadgets and the potential application for the automobile propulsion,
lithium ion batteries (LIBs) have gained the attention of researchers worldwide. There is
an immense effort by the research community for improvement in the durability and
capacity of lithium ion batteries. The capacities of lithium ion batteries fade upon
electrochemical cycling due to different degradation mechanisms. The mechanical
degradation of electrodes prevents commercial use of high capacity material such as
silicon and tin (1, 2). The diffusion induced stresses (DISs) resulting from lithium
intercalation may lead to mechanical degradation of the battery electrode. Different
electrode geometries such as spherical, cylindrical, tubular, thin films etc., upon
electrochemical cycling, show variation in degradation behavior. There is an immense
interest in porous electrodes since they offer the following advantages: First, the porous
structure offers a short Li diffusion length in the solid phase and high accessibility for the
transport of electrolyte ions into the material framework, thus potentially decreasing the
polarization and possibly increasing the rate of charging and discharging. Second, the
large surface area provided by this porous structure increases the electrode/electrolyte
contact area and decreases the local current density. Third, the tubular structure can
effectively accommodate the expansion/contraction occurring during the lithium ion
insertion / removal process (3).
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In fact, a large number of studies have demonstrated the good mechanical stability of an
array of nanotubes, when used as the anode for lithium ion batteries (4, 5). However, the
effects of wall thickness, tube length or the ratio of inner to the outer diameter of the
tubes on the durability of tubular electrodes has not been directly elucidated in the above
reports.
In this chapter, we develop a mathematical model to understand the DISs behavior and
the fracture tendency of tubular electrodes. We understand the dependence of fracture
tendency of the tubular electrode on the dimensions of the tube. In accordance with the
model, we fabricate aligned TiO2 nanotubes with controlled pore size and wall thickness
by anodizing pure Ti foils in a neutral fluoride solution comprising (NH4)2SO4 and NH4F
as the electrolyte. The use of neutral fluoride solutions allows the fabrication of TiO2
nanotubes with a thin wall by reducing the dissolution rate of oxide layers (6, 7).
Electrochemical performance of the TiO2 nanotube arrays as LIB electrodes is examined
by means of galvanostatic cycling and excellent capacity retention is observed for TiO2
tubes of the designed dimensions.
4.3

Experimental section

Qingliu Wu (Chemical and Material Engineering Department, University of Kentucky)
used the anodization technique to prepare TiO2 nanotube electrodes from pure Ti foils
(99.6%, Strem Chemicals) with a thickness of 0.025 mm (8). The electrochemical
characterization part is done by co-author Juchuan Li (Chemical and Material
Engineering Department, University of Kentucky).
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The electrochemical performance of TiO2 nanotube arrays was tested in CR2025 coin
cells using the anodized TiO2 foils as the working electrodes (WE), and pure Li metal
foils as the counter electrodes (CE). The cells were fabricated in an Ar-filled glove box
(MBraun) where the oxygen and moisture levels were below 0.1 ppm. The electrolyte
was 1 M LiPF6 salt dissolved in an equal-volume mixture of ethylene carbonate and
dimethyl carbonate (Novolyte). Coin cells were galvanostatically cycled between 1.0 and
2.7 V at a rate of C/3 controlled by a multi-channel potentiostat (VMP3, Bio-Logic)
Qingliu employed X-ray diffraction (XRD) analysis using Cu Kα (λ=1.5406Å) radiation
to determine the TiO2 film crystal structure. Measurements were conducted directly on
the thin films in Bragg-Brentano geometry using a Bruker D8 Advance diffractometer.
Scanning Electron Microscope (SEM) (Hitachi S-4300 microscope at 3 kV)
characterization is done by co-author Juchuan Li for observation of tubes before and after
cycling.
4.4

Analysis of the fracture tendency for tubular electrode

The mechanical degradation such as cracking and fracture of the electrodes is one of the
main obstacles preventing the commercial application of advanced LIB electrodes.
Lithium diffusion into electrode materials results in diffusion-induced stresses (DISs),
which cause mechanical degradation of the electrode materials, and leads to the loss of
electric conduction. Recent publications utilized the analogy between thermal stresses
and DISs to calculate the stress field evolution during electrochemical cycling (9). We
use a similar approach to calculate DISs in LIB electrode elements with tubular
geometry. The analysis is used to design TiO2 nanotubes with high mechanical stability
for LIB electrode applications.
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For cylindrically symmetric tubes with inner radius of 𝑎 and outer radius of 𝑅, the

concentration of Li atoms at a particular position and time can be defined with the
diffusion equation in a cylindrical coordinate system by
𝜕𝐶
𝜕𝑡

𝜕2 𝐶

1 𝜕𝐶

= 𝒟 �𝜕𝑟 2 + 𝑟 𝜕𝑟 �

(4.1)

where 𝐶 is the molar concentration of Li, and 𝐷 is the Li diffusion coefficient inside the
electrode material. We assume that a constant flux diffusion occurs at the inner surface of
the tubes, which represents a constant current cycling in this work and the case of small
modified Biot number under constant potential conditions (10), and there is no flux going
out from the outer surface. Hence, the boundary conditions of diffusion are
𝐶(𝑟, 0) = 𝐶0 ,

(4.1a)

𝐷

𝑑𝐶(𝑟,𝑡)

�

= 𝐹,

𝑓𝑜𝑟 𝑡 ≥ 0

(4.1b)

𝐷

𝑑𝐶(𝑟,𝑡)

�

= 0,

𝑓𝑜𝑟 𝑡 ≥ 0

(4.1c)

𝑑𝑟
𝑑𝑟

𝑟=𝑎
𝑟=𝑅

𝐼

𝑓𝑜𝑟 𝑎 ≤ 𝑟 ≤ 𝑅

where 𝐹 is Faraday’s constant. Equation (4.1) can be transferred to dimensionless form
𝑟

𝒟𝑡

𝐹𝒟

with the definitions 𝑥 = 𝑅, 𝜏 = 𝑅2 , and 𝑦 = [𝐶(𝑟, 𝑡) − 𝐶0 ] 𝐼𝑅 .

We assume that the electrode material is an isotropic, linearly elastic solid. Using the
analogy between thermal stresses (11, 12) and DISs (13, 14), the stress-stain relationships
for the radial, tangential and axial components are
1

𝜀𝑖 − 𝛼𝐶 = 𝐸 �𝜎𝑖 − 𝜈(𝜎𝑗 + 𝜎𝑘 )�

(4.2)
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Here 𝜀𝑖 and 𝜎𝑖 represent strain and stress in ‘𝑖’ direction, respectively. 𝑖, 𝑗 and 𝑘 represent

the principal directions in a cylindrical coordinate system. 𝛼 is the partial molar volume
of lithium atoms. Since the mechanical equilibrium is established much faster than the

atomic diffusion process in solid, we treat this as a static equilibrium problem. In the
absence of any body force, the equation for the static mechanical equilibrium in the bulk
of a tube is given by (12):
𝑑𝜎𝑟
𝑑𝑟

+

𝜎𝑟 −𝜎𝜃
𝑟

=0

(4.3)

Let 𝑢 denote the radial displacement. For small displacement u, strains are given as:
𝜀𝑟𝑟 =

𝑑𝑢
𝑑𝑟

𝑢

, and 𝜀𝜃𝜃 = 𝑟 .

For a tubular electrode with inner radius 𝑎 and outer radius 𝑅, the radial stress on the free
surface is zero, i.e., 𝜎𝑟 (𝑎) = 0 and 𝜎𝑟 (𝑅) = 0. The radial and tangential stresses can be
calculated as:
Ω𝐸

𝑟

1

1

𝑎2

𝑅

𝜎𝑟 = 3(1−𝜈) �− 𝑟 2 ∫𝑎 𝐶(𝑟)𝑟𝑑𝑟 + 𝑅2 −𝑎2 (1 − 𝑟 2 ) ∫𝑎 𝐶(𝑟)𝑟𝑑𝑟�
Ω𝐸

1

𝑟

1

𝑎2

𝑅

𝜎𝜃 = 3(1−𝜈) �𝑟 2 ∫𝑎 𝐶(𝑟)𝑟𝑑𝑟 + 𝑅2 −𝑎2 �1 + 𝑟 2 � ∫𝑎 𝐶(𝑟)𝑟𝑑𝑟 + 𝐶(𝑟)�

(4.4)

(4.5)

In practice, tubular electrodes are long tubes grown on a substrate and thus one of the
ends of the tube is always attached to the substrate. The other end is free to expand.
Changes in stress condition at the fixed end have effect on the stress distribution near that
end. But according to Saint-Venant’s principle (15), the effects on stress due by the fixed
end are expected to diminish with distance from the fixed end. Since the other end is free
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to expand, we can assume that the long tube with a fixed end is under the generalized
plane strain condition.
In generalized plain strain condition, the ends of the tube are free of external force i.e.,
𝑅

𝐹𝑧 = ∫0 2𝜋𝑟𝜎𝑧 𝑑𝑟 = 0. Under this condition, the axial stress is given as (16):
𝜎𝑧 = 𝜎𝑟 + 𝜎𝜃

(4.6)
2

𝑟

where 𝐶𝑎𝑣𝑔 (𝑟) = 𝑟 2 −𝑎2 ∫𝑎 𝐶(𝑟′)𝑟′𝑑𝑟 ′ is the average concentration within radius 𝑟 per

unit length of the tubular electrode.

Based on the concentration profiles, we compute all the principal stresses at different
radial positions as a function of time. It is found that the radial stresses are tensile only
during lithiation, while the tangential and axial stresses are tensile at the outer surface of
the tube during lithiation, and are tensile at the inner surface of the tube during
delithiation. The maximum tensile axial and tangential stresses are several times larger
than the maximum radial stress (Figure 4.1, a and f); hence the tubes are more prone to
cracking as a result of the axial and tangential stress, rather than the radial stress. The
maximum axial stress is about four times larger during delithiation than it is during
lithiation (Figure 4.1, b and f), which indicates that the tubular electrode would be more
prone to cracking during delithiation than during lithiation.
During crack propagation, the strain energy stored in materials is transferred to the
surface energy associated with generated cracks. Following Cheng and Verbrugge (12),
the bulk strain energy density, 𝑒(𝑟), accumulated as a result of elastic deformation of the
isotropically deformed tube, can be calculated as:
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1

𝜈

𝑒(𝑟) = 2𝐸 �𝜎𝑟2 + 𝜎𝜃2 + 𝜎𝑧2 � − 𝐸 (𝜎𝑟 𝜎𝜃 + 𝜎𝜃 𝜎𝑧 + 𝜎𝑧 𝜎𝑟 )

(4.7)

where 𝜎𝑖 represents the principal stress in “𝑖” direction in the cylindrical coordinate

system. 𝐸 and 𝜈 are the Young’s modulus and Poisson’s ratio of the electrode material,

respectively. The total bulk strain energy can be obtained by integrating the strain energy
density over the entire electrode material volume.
𝑅

𝐸𝑏𝑢𝑙𝑘 = ∫𝑎 𝑒(𝑟) ∙ ℎ ∙ 𝑟𝑑𝑟

(4.8)

The bulk strain energy of the tube in dimensionless form ( ∏𝑠𝑡𝑟𝑎𝑖𝑛 ) is:
∏𝑠𝑡𝑟𝑎𝑖𝑛 =

𝐸𝑏𝑢𝑙𝑘

Ω 𝐼𝑅 2
)
3(1−𝜈)𝐹𝒟

𝐸𝜋𝑅 2 ℎ(

1

= ∫(𝑎� )[�𝜉𝑟2 + 𝜉𝜃2 + 𝜉𝑧2 � − 2𝜈(𝜉𝑟 𝜉𝜃 + 𝜉𝜃 𝜉𝑧 + 𝜉𝑧 𝜉𝑟 ) ]𝑥𝑑𝑥
𝑅

(4.9)
where 𝐸𝑏𝑢𝑙𝑘 is the strain energy, 𝛺 is the partial volume of lithium, and 𝜉𝑖 =

Ω

𝜎𝑖

𝐸

𝐼𝑅

[ (1−𝜈) ]
3
𝐹𝒟

is

the dimensionless stress. For a crack to propagate, the fracture energy 𝐸𝑓 should exceed

the surface energy of newly created cracks, i.e.
𝐸𝑓 = 𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 ∙ 𝐴𝑠

(4.10)

Here 𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 is the surface energy per unit area, and 𝐴𝑠 is the area of new surfaces. If the
fracture is a result of tangential/hoop stress, we assume that a crack of height ℎ along the
axis of tube is created (Figure 4.2). We call such cracking “tangential cracking”. The
fracture energy for such a crack is:
𝐸𝑓,𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 = 𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 ∙ 2(𝑅 − 𝑎)ℎ

(4.11)
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Similarly, if the fracture is a result of the axial stress, we assume that the tube is broken
into two pieces, each with a length smaller than the original value (Figure 4.a.2). We call
such a cracking “axial cracking”. Fracture energy in this case is given by:
𝐸𝑓,𝑎𝑥𝑖𝑎𝑙 = 𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 ∙ 2𝜋(𝑅 2 − 𝑎2 )

(4.12)

The fracture energy can be normalized with a parameter similar to what we used to the
bulk strain energy (in equation 4.3b):
∏𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 =

𝐸𝑓

(4.13)

Ω 𝐼𝑅 2
𝐸𝜋𝑅 2 ℎ(
)
3(1−𝜈)𝐹𝒟

The fracture tendency can be defined as the ratio between maximum strain energy to
fracture energy (17) as:
𝑆𝑡𝑜𝑟𝑒𝑑 𝑠𝑡𝑟𝑎𝑖𝑛 𝑒𝑛𝑒𝑟𝑔𝑦

∏𝑠𝑡𝑟𝑎𝑖𝑛

𝐹𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑡𝑒𝑛𝑑𝑒𝑛𝑐𝑦 = 𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 = ∏

(4.14)

𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒

If the fracture energy required for axial cracking is less than that required for tangential
cracking, the tube would be more prone to axial cracking than tangential cracking and
vice versa. The effect of the fracture tendency on cracking can be divided into two
categories depending upon the length of the tube.
Case 1: Long tubes; i.e., ℎ > π (𝑅 + 𝑎)
The relatively long tubes are more prone to axial cracking. The axial fracture energy is
normalized as:
∏𝑓𝑎𝑥𝑖𝑎𝑙 =

𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 ∙2𝜋(𝑅 2 −𝑎2 )
Ω 𝐼𝑅 2
)
𝐸𝜋𝑅 2 ℎ(
3(1−𝜈)𝐹𝒟

=

𝑎2

2𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 1

Ω 𝐼𝑅 2
𝐸(
)
3(1−𝜈)𝐹𝒟

𝐾

1

𝑎2

�1 − 𝑅2 � = 𝐼2 (𝑅)2 ℎ �1 − 𝑅2 �
ℎ
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(4.15)

Here, we define 𝐾 ≡

2𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒

Ω
1 2
)
3(1−𝜈)𝐹𝒟

𝐸(

, which is a constant for a specific material at a given

current density. The dimensionless axial fracture energy depends on the current, the
radius of the tube 𝑅, the length of the tube ℎ, and the ratio 𝑎⁄𝑅 .
Case 2: Short tubes i.e., ℎ < π (𝑅 + 𝑎)

The relatively shorter tubes are more prone to tangential cracking. The tangential fracture
energy is normalized as:

∏𝑓𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 =

𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 ∙2(𝑅−𝑎)ℎ

𝐸𝜋𝑅 2 ℎ(

Ω 𝐼𝑅 2
)
3(1−𝜈)𝐹𝒟

=

2𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒

Ω 𝐼𝑅 2
𝐸(
)
3(1−𝜈)𝐹𝒟

1

𝑎

𝐾

1

𝑎

�1 − 𝑅� = 𝐼2 𝜋𝑅3 �1 − 𝑅�
𝜋𝑅

(4.16)

The dimensionless fracture energy depends on the current, radius of the tube 𝑅, the ratio
𝑎⁄𝑅, but is independent of the tube length ℎ.

Among these two modes of cracking, axial cracking might be more detrimental to LIB
electrodes, since it leads to electrical isolation of the electrode material and thus results in
capacity fading. On the other hand, pure tangential (hoop) cracking results in opening up
of the tube in two parts which may still retain contact with the substrate/current collector
(Figure 4.2).
4.5

Designing tubular electrodes based on DIS and fracture tendency

The dimensions of a tubular electrode, including the length, the outer and the inner radii,
affect the fracture tendency strongly. The fracture tendencies of nanotubes during
delithiation for different 𝑎⁄𝑅 ratios of tubes and fixed tube length and local current

densities (1 mA cm-2) are compared in Figure 4.3a. For calculations, we used material
properties of TiO2.
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The solid lines represent the tangential fracture tendency and the dashed lines represent
the axial fracture tendency (Figure 4.3a). It is seen that both tangential and axial fracture
tendencies decrease with increase in 𝑎⁄𝑅 ratio. However, large 𝑎⁄𝑅 is equivalent to

small tube thickness, and subsequently a small amount of active material per unit volume

of electrode. On the other hand, small 𝑎⁄𝑅 ratio (𝑎⁄𝑅 close to 0) gives a denser film of
active materials; the effect of axial diffusion in terms of stresses is strong. Diffusion

boundary conditions are changed, and DISs and fracture tendencies are different from the
current case. At the same time, an increase in 𝑎⁄𝑅 leads to a decrease in active material
volume fraction in the electrodes and thus a decrease in volumetric energy density.

Also, for a given 𝑎⁄𝑅 ratio of the tube, as the outer radius increases, both the fracture

tendencies increase (Figure 4.3a). At the same time, a smaller tube diameter implies a
small diffusion length and in turn better battery power. In the current work, we tune the
porosity of TiO2 nanotube electrodes with dimensions falling into a “safe” region.
The effect of tube lengths on fracture tendencies for a nanotube with fixed radius is
plotted in Figure 4.3b. In agreement with Equations (4.5) and (4.10), the tangential
fracture energy is found to be independent of tube length; at the same time, the axial
fracture tendency increases with increase in the tube length. Thus, short tubes are less
prone to cracking. In LIBs, fracture tendencies should be much smaller than 1 for stable
cycling performance.
In the current work, TiO2 nanotubes with three different dimensions are studied, whose
outer radii are 32, 53, and 70 nm, with 𝑎⁄𝑅 ratios 0.47, 0.62 and 0.5 respectively, and

tube lengths are 355, 540, and 351 nm, respectively.
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For all three cases, the tubes are more prone to axial fractures, i.e., Case 1 above. The
tube length is large enough to allow us to neglect the end effects from the substrate.
Fracture tendencies of TiO2 nanotubes are calculated using Equations (4.3) and (4.8)(4.10). The local current density of TiO2 nanotubes in this work is 6.2 x 10-3, 5.1 x 10-3,
and 13 x 10-3 mA cm-2 for tubes with diameters 32, 53, and 70 nm, respectively (See
Appendix A). The diffusion coefficient of lithium inside TiO2 tubes (18) is 2 × 10-8 m2s-1.
We find that the values of fracture tendencies for TiO2 nanotubes in electrochemical
cycling are calculated to be 4.9 x 10-9, 5.2 x 10-9 and 7.5 x 10-8. These values of fracture
tendencies for these nanotubes are really low as compared to the values of fracture
tendencies reported for nanowires in Deshpande et al. (17) which were of the order of
10-2 for different material. Based on these calculations, it is reasonable to conclude that
there is little probability for cracking to occur during cycling. Experimentally, co-worker
Juchuna Li found that, there is no visible crack or other damage on the surface of the
films, and tubular structures are well preserved after 200 cycles and also maintain contact
with the Ti metal substrates. Thus, this study shows that TiO2 nanotubes have good
capacity retention and stable cycling performance. The total capacity fading is less than
6% between the 10th and 200th cycle for samples with diameters 70 and 53 nm and is
12.5% for the sample with tube diameter 32 nm.
In addition to the dimensions of the tube, the cracking tendency is also related to the
current density during charging and discharging (Equations 4.9 and 4.10). The effect of
current density on the fracture tendency is plotted in Figure 4.4 for a representative tube
geometry (height ℎ =351 nm, radius 𝑟=50 nm and 𝑎⁄𝑅 =0.5). For nanotubes with any

given geometry, fracture tendency increases with an increase in current density.
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We define the critical current density as the current density at which the fracture tendency
reaches unity. The value of critical current density decreases with increasing radius of
tubes. For the given example, the fracture tendency exceeds unity at a current density of
6.7 mA cm-2. The local current density depends upon the surface area of tubes available
for the diffusion of lithium, and thus the surface roughness. For increased local current
density, for example, 2 mA cm-2, the fracture tendencies are less than 0.1 and it is
reasonable that TiO2 will not suffer mechanical degradation. Thus, the cycling
performance of TiO2 nanotubes will be good, even at higher current density or higher
cycling rates than what were used in these experiments. However, effects from lithium
diffusion, polarization, and side reactions should be considered when setting charging
and discharging rates and current densities.
We approximately calculate the current densities for the tubes to be 6.2 x 10-3, 5.1 x 10-3,
and 13 x 10-3 mA cm-2, respectively (Appendix A). The critical current densities required
for a crack to generate are 9.6, 7.1, and 4.7 mA cm-2, respectively. Thus, the current
densities used in the experiments are much lower than the critical values and give low
fracture tendencies, and the materials are stable upon electrochemical cycling leading to
high capacity retention.
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4.6

Results and discussion

Based on the simulation results of fracture tendencies derived from the Diffusion Induced
Stress (DIS) model, we conclude:
1. Electrodes with hollow tubular structures are more prone to cracking during
delithiation than the lithiation process since the tubes are subjected to much larger
tensile stress in the tangential direction during delithiation as compared to stresses
during lithiation.
2. All stresses including radial, tangential and axial stress can be reduced by
decreasing the wall thickness of the tubes.
3. Consistent with this, both tangential and axial fracture tendencies decrease with
an increasing ratio of inner to outer radius of the tubes (𝑎⁄𝑅 ) regardless of the
length and the radius of the tubes.

4. If the 𝑎⁄𝑅 ratio and height of the tubes are kept constant, both the fracture

tendencies decrease with decreasing radius of the tubes. Hence smaller tube
diameter tends to prolong the life of the electrode.

5. An axial fracture may be more detrimental for battery applications as it results in
electrical isolation of the active material. Here, we provide general guidelines for
the tube design in order to minimize axial cracking.
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Appendix A
Number of tubes in electrode substrate area = N ≅
= 4.788 ∙ 1010

(π ∙ 0.72 )
(π ∙ 0.72 ) cm2
=
area of a tube π ∙ (32 ∙ 10−7 )2

Surface area of tubes for diffusion (inner surface area) = 2πahN

= 2π ∙ 15 ∙ 10−7 ∙ 355 ∙ 10−7 ∙ 4.788 ∙ 1010 = 16.01 cm2

The real surface might be rougher than the ideal case.
Real surface area of tubes for lithium conduction =
=

16.01 cm2
Vρ

Effective current density =
For ideal tubes, Vρ = 1

calulated surface area
roughness factor

current
10µA
0.62
=
=
µA cm−2
2
surface area 16.01 cm
Vρ

Effective current density = 0.62µA cm−2

Similarly the effective current densities for the other two tubes are calculated to be 5 .1 x
10-3, and 13 x 10-3 mA cm-2.
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Figure 4.1: Comparison between the maximum stress that the tubular electrode
experiences (a) in the radial direction during delithiation (lithium extraction), and (b) in
the tangential direction during lithiation (lithium insertion) and (c, d, e, and f)
delithiation. The ratio of inner radius to outer radius of tube (𝑎⁄𝑅 ) for curves (a, b, and
f) = 0.3, for curve (e) 0.4, for curve (d) 0.5, and for curve (c) 0.6.
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Figure 4.2: Schematic illustrating tubular electrode undergoing axial and tangential
fracture during charge/discharge operation.
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Figure 4.3: Fracture tendency as a function of the ratio of the inner radius to outer radius
of tubes (a/R) assuming current density I = 1 mA cm-2 and (a) height of the tube fixed at h
= 300 nm or (b) radius of the tube fixed at R = 50 nm.
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Figure 4.4: Fracture tendency as a function of current density for a given set of
dimensions of the tube (height ℎ =351 nm, radius 𝑟=50 nm and 𝑎⁄𝑅 =0.5). The solid line
represent tangential fracture tendency and the dashed line represent axial fracture
tendency.
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CHAPTER 5

EFFECT OF CONCENTRATION-DEPENDENT ELASTIC MODULOUS ON
DIFFUSION INDUCED STRESSES FOR BATTERY APPLICATIONS
This chapter is based on work published as:
R. Deshpande, Y. Qi, Y.-T. Cheng, Effects of Concentration-Dependent Elastic Modulus
on Diffusion-Induced Stresses for Battery Applications. Journal of The Electrochemical
Society 157, A967 (2010).
It’s reproduced by permission of The Electrochemical Society.
5.1

Summary

Most of the lithium ion battery electrodes experience a large volume changes associated
with Li concentration changes within the host particles during charging and discharging.
Electrode failure, in the form of fracture or decrepitation, can occur as a result of repeated
volume changes. It has been recently found that many electrode materials such as
graphite, silicon (Si) and lithium iron phosphate (LiFePO4) change their elastic properties
upon lithiation. However, previous diffusion-induced stress (DIS) models have not
considered this relationship. We developed a mathematical model with the assumption of
homogeneous isotropic cylindrical electrode particle to describe the effect of
concentration-dependent Young’s modulus on the DISs in battery electrodes. The
proposed DIS model considers both increase and decrease in Young’s modulus as a
function of change in concentration of the lithium solute.
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The model shows that the concentration dependence of Young’s modulus has a
significant effect on peak stress and stress evolution in the electrode particles. We show
that insertion and removal are not symmetric in stress profiles. In conclusion, Li
stiffening is beneficial to avoid surface cracking during de-lithiation, and moderate Li
softening is beneficial to avoid particle cracking from the center during lithiation.
5.2

Introduction

Improving the energy capacity and the cycle life of the lithium ion battery is currently
one of the prime focuses of research worldwide. The commercially available batteries fail
after certain number of charging discharging cycles. Chemical and mechanical
degradation of the electrode are the major causes of electrode failure. The chemical
degradation occurs due to instability of the electrolyte which results in irreversible
capacity loss as a result of the solid electrolyte interface (SEI) formation. The mechanical
degradation is a result of fracture and fatigue failure of the electrode material due to DISs
upon cycling. One of the critical challenges in commercializing the advanced lithium-ion
batteries is the capacity fading upon electrochemical cycling as a result of fracture and
electrode decrepitation due to lithium insertion and removal. During battery operation,
when lithium is inserted into (or extracted from) the active materials of both positive and
negative electrodes, volume expansion (and contraction) occurs (1). For example,
graphite, the most common negative electrode for Li-ion batteries, expands 10% of its
volume when Li intercalates between the graphite sheets (2). Compared to graphite, Si
can store ~10 times more Li but is associated with massive volume expansion, of the
order of 300% (3).
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Large volume expansion and the associated stress within electrodes can lead to fracture
and failure of electrodes causing capacity loss of batteries. To help minimize stresses and
thus increase the mechanical durability, several groups (4-13) have recently modeled
diffusion-induced stresses in lithium ion battery electrodes. For example, Verbrugge and
Cheng recently studied the evolution of stress and strain energy within a sphericallyshaped electrode element under either galvanostatic or potentiostatic operation. The study
also investigated the effects of surface energy and surface elasticity on the stress
evolution in spherical electrodes. Wolfenstine et al. (14) demonstrated that using
Young’s modulus, fracture toughness and the volume change, a critical particle size to
lower capacity fade could be estimated with analytical modeling. These models are based
on equations of solid-state diffusion and continuum mechanics. However, many of the
input parameters such as elastic constants, surface energy and stress, volume expansion
coefficients and diffusion coefficients are not readily available. More specifically, the
intrinsic mechanical properties of electrodes such as Young’s modulus are assumed to be
constant (independent of Li concentration). The assumptions discussed are not surprising
as there are not many studies with experimental data showing change in material
properties with lithiation.
One of the recent studies by Qi and coworkers (15) used density functional theory (DFT)
with local-density approximation (LDA) method to demonstrate that the polycrystalline
Young’s modulus (E) of graphite increases linearly with Li concentration, and that it
triples when graphite is fully lithiated to LiC6.
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Shenoy et al. (16) computed the bulk modulus for various Li-Si crystalline and
amorphous structures and found that the modulus of Si decreases almost linearly with Li
concentration, dropping to one third of its original value when Li15Si4 phase is formed.
Varying mechanical properties upon lithiation has also been found in cathode materials,
such as LiFePO4.
Maxisch and Ceder (17) used DFT calculation with generalized gradient approximations
(GGA+U) method to show that olivine (LixFePO4) is anisotropic and that the directional
bulk moduli change significantly during lithiation, although the average Young’s
modulus did not change much with lithiation. Thus, changing mechanical properties with
Li concentration is a general phenomenon in electrode materials: some electrode
materials such as graphite can be stiffened by Li, while some other materials such as Si
can be softened by Li. The DFT results on both graphite and Si anode materials have
shown that the Young’s modulus of active materials can be approximated by a linear
function of Li concentration and that the Poisson’s ratio does not change much with Li
concentration. In this chapter, we shall evaluate the stiffening and softening effect of
lithiation on the stress evolution in an idealized, fiber-shaped electrode using a continuum
level model for DISs.
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5.3

Methods

5.3.1

Mechanics

Numerous studies in the literature employed the analogy between thermal stresses and
DISs for investigating the DISs in the lithium ion battery electrodes. In this work, we use
a similar approach to model the stresses in a cylindrical electrode particle to examine the
effects of concentration dependent Young’s modulus on the stress distribution in a
cylindrical electrode. We assume that the electrode is isotropic, linearly elastic solid.
Using the analogy between thermal stresses (18, 19) and DISs we can write,
𝜀𝑟𝑟 − 𝛼𝐶 = 𝐸 (𝜎𝑟 − 𝜈(𝜎𝜃 + 𝜎𝑧 ))

1

(5.1)

𝜀𝜃𝜃 − 𝛼𝐶 = 𝐸 (𝜎𝜃 − 𝜈(𝜎𝑟 + 𝜎𝑧 ))

1

(5.2)

𝜀𝑧𝑧 − 𝛼𝐶 = 𝐸 (𝜎𝑧 − 𝜈(𝜎𝑟 + 𝜎𝜃 ))

1

(5.3)

Here, 𝐸 is Young’s modulus, 𝐶 is molar concentration, and 𝛼 is a “concentration
expansion” coefficient which can be obtained from the partial molar volume of the solute,
which is 3𝛼 .

We assume that Young’s modulus is a function of Li concentration present at a particular
location and time, 𝐸 = 𝑓�𝐶(𝑟, 𝑡)�, which depends on the electrode material. We further

assume that the Poisson’s ratio 𝜈, does not vary with concentration.

Since atomic diffusion in solids is a much slower process than elastic deformation,
mechanical equilibrium is established much faster than that of diffusion. Mechanical
equilibrium is, therefore, treated as a static equilibrium problem (18, 19).
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In the absence of any body force, the equation for static mechanical equilibrium in the
bulk of a cylinder is given by following equation:
𝑑𝜎𝑟
𝑑𝑟

+

(𝜎𝑟 −𝜎𝜃 )
𝑟

=0

(5.4)

Let 𝑢 denote the radial displacement. Strain can be written as,
𝜀𝑟𝑟 =

𝑑𝑢
𝑑𝑟

, 𝜀𝜃𝜃 =

𝑢

(5.5)

𝑟

Since there is no displacement at the center, 𝑢(0) = 0 . At r = R (where R radius of the

cylinder), the radial stress, 𝜎𝑟 (𝑅) = 0. The axial boundary condition at the ends of the

cylinder depends upon the loading of the electrode.

Here, we assume that there is no load on the two ends of the cylinder; i.e., 𝐹𝑧 =
𝑅

∫0 2𝜋𝑟𝜎𝑧 𝑑𝑟 = 0. This is the generalized plane strain condition. Under this condition, the
axial stress is given as (18)

𝜎𝑧 = 𝜈(𝜎𝑟 + 𝜎𝜃 ) + 𝛼𝐸(𝐶𝑎𝑣𝑔 (𝑅) − 𝐶(𝑟, 𝑡))

(5.6)

where 𝐶(𝑟, 𝑡) is the solute concentration at a particular radial location at a particular time
2

𝑟

and 𝐶𝑎𝑣𝑔 (𝑟) = 𝑟 2 ∫0 𝐶(𝑟′)𝑟′𝑑𝑟 ′ is the average concentration within radius 𝑟 per unit

length of the cylindrical electrode.

Equations (5.2), (5.3), and (5.6) can be solved to obtain
𝜈

𝐸

(5.7)

𝜈

𝐸

(5.8)

𝜎𝑟 = 1−𝜈 𝜎𝜃 + 1−𝜈2 �𝜀𝑟𝑟 + 𝛼(𝜈𝐶𝑎𝑣𝑔 (𝑅) − (1 + 𝜈)𝐶(𝑟, 𝑡))�
𝜎𝜃 = 1−𝜈 𝜎𝑟 + 1−𝜈2 �𝜀𝜃𝜃 + 𝛼(𝜈𝐶𝑎𝑣𝑔 (𝑅) − (1 + 𝜈)𝐶(𝑟, 𝑡))�
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Combining Equations (5.7) and (5.8)
𝐸

𝜈

1−𝜈

𝜈

(5.9)

𝐸

𝜈

1−𝑣

𝜈𝐸

(5.10)

𝜎𝑟 = 1−2𝜈 �1+𝑣 𝜀𝜃𝜃 + 1+𝜈 𝜀𝑟𝑟 − 𝛼𝐶(𝑟, 𝑡) + 1+𝑣 𝛼𝐶𝑎𝑣𝑔 (𝑅)�
𝜎𝜃 = 1−2𝜈 �1+𝑣 𝜀𝑟𝑟 + 1+𝜈 𝜀𝜃𝜃 − 𝛼𝐶(𝑟, 𝑡) + 1+𝑣 𝛼𝐶𝑎𝑣𝑔 (𝑅)�
Using Equations (5.5), (5.9) and (5.10) in Equations (5.4), we have

𝐸

𝑑𝐸 𝐸 𝑑𝑢
𝜈 𝑑𝐸 𝐸 𝑢
𝑑2𝑢
+� + �
+�
− �
2
𝑑𝑟 𝑟 𝑑𝑟
1 − 𝜈 𝑑𝑟 𝑟 𝑟
𝑑𝑟
−

𝛼(1 + 𝜈)
𝜈
𝑑𝐸
𝑑𝐶(𝑟)
�(𝐶(𝑟) −
𝐶𝑎𝑣𝑔 (𝑅))
+𝐸
�=0
𝑑𝑟
1−𝜈
(1 + 𝜈)
𝑑𝑟
(5.11)

5.3.2

Diffusion in a cylinder

Within the cylindrical host material, the solute (lithium) concentration is governed by the
diffusion equation:
𝜕𝐶
𝜕𝑡

𝜕2 𝐶

1 𝜕𝐶

= 𝒟 �𝜕𝑟 2 + 𝑟 𝜕𝑟 �

(5.12)

We assume that the electrode surface is surrounded by an invariant lithium ion
concentration CR (reflecting facile electrochemical kinetics and a porous-electrode system
dominated by solute-diffusion resistance (10-12)) and the initial lithium concentration
inside the electrode is C0. Also, the concentration at the center is finite. The initial and
boundary conditions are,
𝐶(𝑟, 0) = 𝐶0 ,

𝑓𝑜𝑟 0 ≤ 𝑟 ≤ 𝑅
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𝐶(𝑅, 𝑡) = 𝐶𝑅 and 𝐶(0, 𝑡) = 𝑓𝑖𝑛𝑖𝑡𝑒,

𝑓𝑜𝑟 𝑡 ≥ 0

(5.13)

Equations (5.13) can be made dimensionless with the following:
𝑟

𝒟𝑡

𝐶−𝐶0

𝑥 = 𝑅 , 𝑇 = 𝑅2 , 𝑦 = 𝐶

(5.14)

𝑅 −𝐶0

The dimensionless concentration at different radial positions and time is depicted in
Figure 5.1 for Li insertion. The dimensionless concentration profile is (1 − 𝑦) for Li

removal. The concentration profiles are thus “symmetric” with respect to 𝑦 = 0.5 for
insertion and removal.
5.3.3

Effects of concentration-dependent Young’s modulus on DIS

Although the functional dependence of Young’s modulus on Li concentration is specific
to electrode material, we assume, in this work, a simple functional form to investigate the
effects of concentration dependent Young’s modulus on stresses. Specifically, we assume
Young’s modulus (𝐸) of the electrode material with a particular concentration (𝐶) to be a
linear function of lithium ion concentration or the state of charge (SOC) present in the
electrode (15) :
𝐸 = 𝐸0 + 𝑘𝐶
𝐸

= 1 + 𝐸 �𝐶

𝐸

= 1 + 𝑘′𝑦

𝐸0
𝐸0

𝑘

(5.15)

0

𝐶−𝐶0

𝑅 −𝐶0

�

(5.16)

(5.17)

where 𝐸0 is the Young’s modulus of the pure electrode material and 𝑘 (𝑜𝑟 𝑘 ′ ) is a
constant. We assume that 𝛼 is constant.
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If the material is stiffened due to Li insertion, then 𝑘 > 0; and if the material is softened

by Li insertion, then 𝑘 < 0. For example, from Qi et al. and Shenoy et al. (16, 20) we can
deduce 𝑘 ′ ~3

for graphite electrode material, and 𝑘 ′ ~ − 0.7 for silicon electrode

material. Using a finite-difference method, we obtain 𝑢(𝑟, 𝑡) by solving Equations (5.11)
with the boundary condition:
𝑢(0) = 0

𝜎𝑟 (𝑅, 𝑡) = 0

for 𝑡 ≥ 0

(5.18)

The radial, tangential, and axial stresses can then be obtained using 𝑢(𝑟, 𝑡) and Equations
(5.5), (5.9), and (5.10). In Figures 5.2, 5.3, 5.4, and 5.5, we plot the dimensionless radial
and tangential stresses normalized by 𝛼𝐸0 (𝐶𝑅 − 𝐶0 )/(1 − 𝜈), i.e.,
𝜉𝑟 =

𝜎𝑟
𝛼𝐸0
(𝐶
[
−𝐶0 )]
(1−𝜈) 𝑅

, 𝜉𝜃 =

𝜎𝜃
𝛼𝐸0
(𝐶
[
−𝐶0 )]
(1−𝜈) 𝑅

, 𝜉𝑧 =

𝜎𝑧
𝛼𝐸0
(𝐶
[
−𝐶0 )]
(1−𝜈) 𝑅

(5.19)

for both insertion and removal at dimensionless time, 𝑇 = 0.01 and 𝑇 = 0.076, and
several k values.
5.4

Results and discussions

5.4.1

Stress evolution

Figure 5.2 illustrates that, as the 𝑘 ′ value increases, the radial stress increases in the case

of insertion. The blue dash line in Figure 5.1 shows Li concentration at time 𝑇 = 0.01 is

still close to zero in a region near to the center (𝑥 < 0.6). Interestingly, we note that, at
time 𝑇 = 0.01, the stress level in this un-lithiated core region can be very different
depending upon the Young’s Modulus of the lithiated shell.
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Due to lithiation, the outer shell (𝑥 > 0.6) expands, but to maintain the continuity of the
expansion, the inner core is pulled mechanically. Apparently, the outer shell with higher
Young’s modulus can exert greater stress to the inner core than that with lower E.
As a result, the inner core is under higher tensile stress if the electrode material is
stiffened (𝑘 ′ > 0) due to Li insertion but under a lower tensile stress if it is softened

(𝑘 ′ < 0) by Li insertion. In this figure, we observe a similar behavior during removal.

Furthermore, it can be seen that the stress profiles for insertion and removal are no longer
symmetric, though concentration profiles for insertion and removal are exact mirror
images of each other (Figure 5.1). The higher the 𝑘 ′ value, the less symmetric the stress
profiles are for insertion and deinsertion.

We show in Figure 5.3, the radial stress profile at time 𝑇 = 0.076. We chose this time

because the radial stress has a maximum at the time of 𝑇 = 0.076 , if Young’s modulus
is concentration independent, i.e., 𝑘 ′ = 0 (12). We have observed that not only the peak

value of radial stress changes with change in Young’s modulus but the time to reach the
peak value also shifts. For comparison, we plot the radial stresses at the same time
of 𝑇 = 0.076 with different k’ values. We observe that, with an increasing value of 𝑘′,

the magnitude of radial stress at 𝑇 = 0.076 increases; and with a negative 𝑘 ′ , the

magnitude of stress at 𝑇 = 0.076 decreases. The location of the peak radial stress is at

the center for all the 𝑘 ′ values. The dimensionless stress is normalized by the host
material modulus without Li insertion 𝐸0 .
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If we consider near the center of the electrode at 𝑦 = 0.07, the modulus for the different

electrode changes from 93.7 to 114 due to different k values, however the variation of the
tensile peak stress at the center is much larger range from 0.12 to 0.43 (about three fold
increase). If we consider that the material fails due to tensile stress at the center, larger 𝑘 ′

values will lead to higher stresses and thus material will become more prone to fracture.
During insertion, the maximum value of tangential stress is compressive and is at the
surface. Figure 5.4 compares the tangential stress at time 𝑇 = 0.01 for different 𝑘 ′
values.

This figure also shows that the tangential stress for insertion and removal are asymmetric.
Here, not only the magnitude of the stresses is changed but the nature of the stress
profiles is no longer symmetric during insertion and removal. For a particular time (here,
𝑇 = 0.01), the maximum compressive stress at the surface increases as 𝑘 ′ increases. The

stress increase is mainly due to the modulus increase effect, if we normalize it by the
modulus at 𝑥 = 1, they are all about ~0.75, similar to that the stress computed with

constant E. Another feature of the insertion is that the peak compressive stress decreases

as 𝑘 ′ decrease. The location of the maximum stress shifts from surface to just beneath the

surface with decreasing 𝑘 ′ . During insertion, there is a shift in the stresses in a region

near the center before the region is lithiated at time 𝑇 = 0.01. During removal, however,

the value of the peak stress at the surface does not vary much. Because the Li

concentration drops to zero on the surface during removal, the influence of concentration
dependent modulus on stress generation is minimized. However, an important
observation is that, during removal, as the 𝑘 ′ value increases, the peak value of stress
shifts towards the center.

121

In this figure, for 𝑘 ′ = 2, we observe that, the peak tensile stress is not at the surface, but

is located just beneath the surface. Previous analytic models, using a constant modulus
value, have shown that the peak tensile tangential stress on the surface when delithiation
process starts is the main reason for surface cracks (15). This is particularly important
since the surface tends to have much higher density of defects which makes it more prone
to cracking. By shifting the maxima, the cracking tendency of the electrode material
decreases. We make similar observations in Figure 5.5 for time T=0.076.
5.4.2

Tendency of fracture

Since we are more interested in the damage of electrodes during Li diffusion, we discuss
the tendency of fracture based on the stress field and elastic strain energy. If we consider
Li concentration dependent material properties (modulus), the fracture energy should also
vary with Li concentration. For example, the DFT predicted basal cleavage energy is for
LiC6 to be 1 J m-2 and 0.1 J m-2 for graphite. Li intercalation has increased the fracture
energy about 10 times in Li-graphite. If we ignore a possible brittle to ductile transition
due to Li insertion, we can assume that Li has a similar influence on fracture energy and
fracture strength as it has on modulus. More specifically, if the material is stiffened by Li
insertion, it will require larger energy and stress to break and vice versa. We can scale the
fracture energy or fracture strength with modulus that changes with Li concentration. The
fracture energy is twice of the surface energy. Both scale linearly with E and thus scales
linearly with Li concentration. For example, based on Kelly’s approximation(21), the
surface energy can be written as

γ = Ea0 / 10 = ( E 0 + kC )a 0 / 10 ,

(5.20)
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where E is Young’s modulus and a 0 is the equilibrium separation between two atomic
planes.
In terms of stress criteria, the Griffith toughness of a mode I crack (where the crack opens
under a tensile stress normal to the plane of the crack) is related to the theoretical
strength, which is the stress required to pull apart two planes in a perfect solid(22). Using
the theoretical strength, we have
σ max = Eγ / a 0 = 0.3E = 0.3( E 0 + kC ) ,

(5.21)

here E is the Young’s Modulus, γ is the surface energy of the newly-cleaved free
surfaces, and a0 is the equilibrium spacing between atomic planes. Thus both fracture
energy and strength scales linearly with Li concentration.
Fracture is more likely to start from where the local stress is beyond the critical fracture
strength, and its growth is mainly driven by the stored elastic energy. We now identify
both strength- and energy-based criteria for fracture of electrodes.
During insertion, maximum radial tensile stress occurs at the center of the electrode. In
Table 5.1, we first determine the time, 𝑇𝑝 , at which the radial stress reaches maximum

during insertion and the value of the peak tensile stress (at the center) as 𝜉𝑟 |𝑚𝑎𝑥 . The

theoretical fracture strength was then computed based on the Li concentration at the

center of the electrode, as 𝜎𝑚𝑎𝑥 . We then computed the ratio of peak tensile stress with

respect to the theoretical fracture strength as 𝜉𝑟 |𝑚𝑎𝑥 /𝜎𝑚𝑎𝑥 , as one measure of fracture
tendency.
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Then we computed the strain energy at time when peak stress is reached, as ∏𝑏𝑢𝑙𝑘 | 𝑇𝑝 .

The total bulk strain energy can be obtained by integrating the strain energy density over
the entire volume.
Bulk strain energy per unit length of the cylinder in dimensionless form is
∏𝑏𝑢𝑙𝑘 =

𝐸𝑏𝑢𝑙𝑘
Ω�𝐶𝑅−𝐶0 � 2
2
2
𝜋𝑅 𝐸0 ( (1−𝜈)
)
3

1

= ∫0 [�𝜉𝑟2 + 𝜉𝜃2 + 𝜉𝑧2 � − 2𝜈(𝜉𝑟 𝜉𝜃 + 𝜉𝜃 𝜉𝑧 + 𝜉𝑧 𝜉𝑟 ) ]

𝐸0
𝐸

𝑥𝑑𝑥
(5.22)

As discussed earlier, fracture energy is linearly proportional to E. Thus the other fracture
tendency is the ratio between strain energy to fracture energy as
∏𝑏𝑢𝑙𝑘 /2𝛾 = ∏𝑏𝑢𝑙𝑘 /

𝐸(𝐶)

(5.23)

𝐸0

Both fracture tendency criteria, namely 𝜉𝑟 |𝑚𝑎𝑥 /𝜎𝑚𝑎𝑥 and ∏𝑏𝑢𝑙𝑘 | 𝑇𝑝 /

𝐸(𝐶)
𝐸0

as a function of

𝑘 ′ in Figure 5.6. It is clear that as 𝑘 ′ value increases, it is more likely to fracture at the

center during Li insertion due to tensile radial stress. In other words, lithium softening
material might be less prone to cracking than lithium hardening material.
During removal, fracture is more likely to occur at the surface by a tangential stress.
Regardless of the k’ values, we observe that the tensile stress level was similar at the
surface in Figure 5.4 and 5.5. However, with Li stiffening, there is a shift of the peak
stress location from the surface to underneath the surface. Since there are fewer defects
than on the top surface, we conclude that this shift with increasing k value may make the
material more resistant to cracking, thus enhancing the durability of the electrode.
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5.5

Conclusion

We developed a model for diffusion-induced stresses in insertion electrodes which takes
into account the concentration dependence of Young’s modulus. This model follows the
convention of assuming the electrode particle to be a homogeneous isotropic particle (10,
12, 13, 23). Under such an assumption we could show that,
The stress profiles during lithiation and de-lithiation are asymmetric if Young’s modulus
is a function of concentration. This implies that the driving force and probability of
cracking during insertion and removal is unequal.
If the electrode material has a lithiation stiffening tendency, during the de-lithiation
process, there is a shift of the tensile tangential stress maximum from the surface of the
material to just underneath the surface, which may reduce cracking failure since the
number of defects present in the interior may be less than that at the surface of the
electrode material.
During the lithiation process, when strain energy reaches a maximum, the peak radial
stress value at the center of the electrode increases with lithiation stiffening. The strain
energy analysis in comparison with fracture energy suggests that moderate lithiation
softening can reduce the fracture tendency at the center of electrode.
A real electrode particle may not be homogeneous and isotropic, but, the model can
provide semi-quantitative predictions about the stresses and their behavior for different
material systems in general, with concentration dependent Young’s modulus. Also it
gives an idea about the general trends in fracture tendency for different variation in
Young’s Modulus on lithiation.
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5.6

List of symbols
𝑟, 𝜃, 𝑧

cylindrical coordinates

𝛾

surface energy per unit area (𝐽 𝑚−2 )

𝑅

radius of the cylindrical electrode (𝑚)

Ω

𝜈

𝐸
𝑢

partial molar volume of the solute (𝑚3 𝑚𝑜𝑙 −1 )

Poisson’s ratio
Young’s modulus (𝑁 𝑚−2 )
radial displacement

𝜎𝑟

radial stress (𝑁 𝑚−2 )

𝜎𝑧

axial stress(𝑁 𝑚−2 )

𝜎𝜃

𝜀𝑟𝑟

𝜀𝜃𝜃
𝜀𝑧𝑧

𝐶(𝑟, 𝑡)

tangential stress (𝑁 𝑚−2 )

radial strain
tangential strain
axial strain
solute concentration at radius 𝑟 at time 𝑡 (𝑚𝑜𝑙 𝑚−3 )
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𝐶𝑎𝑣𝑔 (𝑟)

𝐶𝑎𝑣𝑔 (𝑅)
𝐷
𝑡

𝑥

𝑇
𝑦

𝜉𝑟

𝜉𝜃
𝜉𝑧

𝐸𝑏𝑢𝑙𝑘

∏𝑏𝑢𝑙𝑘

𝐸𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒

average concentration in the area of radius 𝑟 (𝑚𝑜𝑙 𝑚−3 )

average concentration in the area of radius 𝑅 (𝑚𝑜𝑙 𝑚−3 )
diffusion coefficient of the solute (𝑚2 𝑠𝑒𝑐 −1 )
time (sec)
dimensionless radius
dimensionless time
dimensionless concentration
dimensionless radial stress
dimensionless tangential stress
dimensionless axial stress
strain energy per unit length stored due to bulk deformation (J m-1)
dimensionless bulk strain energy
dimensionless fracture energy

𝑇𝑝

dimensionless time at which radial stress reaches maximum tensile

𝐶𝐿𝑖

concentration at the center at a time when radial stress reaches its

value at the center during insertion condition

maximum during insertion condition
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𝜉𝑟 |𝑚𝑎𝑥
𝜎𝑚𝑎𝑥

∏𝑏𝑢𝑙𝑘 | 𝑇𝑝

maximum tensile radial stress during insertion condition
maximum theoretical strength
dimensionless strain energy at time 𝑇𝑝
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Table 5.1: Fracture tendency at Tp, which is the dimensionless time at which radial stress
reaches maximum during insertion

𝒌′ 𝒗𝒂𝒍𝒖𝒆

Tp

cLi

𝝃𝒓 |𝒎𝒂𝒙

𝝈𝒎𝒂𝒙

𝝃𝒓 |𝒎𝒂𝒙 /𝝈𝒎𝒂𝒙
(Fracture

∏𝒃𝒖𝒍𝒌 |𝑻𝒑

tendency)

∏𝒃𝒖𝒍𝒌 |𝑻𝒑

𝑬𝒇𝒓𝒂𝒄𝒕𝒖𝒓𝒆

2.0

0.099

0.148

0.437

39.12

0.0112

0.0771

0.0595

1.5

0.094

0.130

0.387

35.84

0.0108

0.0714

0.0597

0.9

0.086

0.102

0.327

32.75

0.0100

0.0652

0.0598

0.0

0.076

0.073

0.233

30.00

0.0078

0.0542

0.0542

-0.4

0.073

0.061

0.188

29.23

0.0064

0.0517

0.0529

-0.9

0.068

0.048

0.048

28.71

0.0017

0.0829

0.0867
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Figure 5.1: Lithium ion concentration inside an electrode at different radial locations at
time T=0.01 and T=0.076 for insertion and de-insertion conditions.
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Figure 5.2: Radial stress inside an electrode at different radial locations at time 𝑇 = 0.01
for insertion and de-insertion for different 𝑘 ′ values.
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Figure 5.3: Radial stress inside an electrode at different radial locations at time 𝑇 =
0.076 for insertion and de-insertion for different 𝑘 ′ values.
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Figure 5.4: Tangential stress inside an electrode at different radial locations at time
𝑇 = 0.01 for insertion and de-insertion for different 𝑘 ′ values.
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Figure 5.5: Tangential stress inside an electrode at different radial locations at time
𝑇 = 0.076 for insertion and de-insertion for different 𝑘 ′ values.
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Figure 5.6: Variation of maximum stress normalized with strength, and strain energy
normalized with fracture energy with k’ value

137

CHAPTER 6

DIFFUSION INDUCED STRESSES AND STRAIN ENERGY IN A PHASETRANSFORMING SPHERICAL ELECTRODE PARTICLE
This chapter is based on work published as:
R. Deshpande, Y.-T. Cheng, M. W. Verbrugge, A. Timmons, Diffusion Induces Stresses
and Strain Energy in a Phase Transforming Spherical Electrode Particle. Journal of The
Electrochemical Society 158, 1 (2011).
It’s reproduced by permission of The Electrochemical Society.
6.1

Summary

Lithium insertion and removal in lithium ion battery electrodes can result in diffusion
induced stresses (DISs) which may cause fracture and decrepitation of electrodes. Many
lithium ion electrode materials undergo formation of two or more phases during lithium
insertion or removal. In this chapter, we mathematically investigate the DISs in phase
transforming electrodes using a core-shell structural model. We examine the
concentration jumps at phase boundaries that result in stress discontinuities, which in turn
can cause cracking. The influence of the mechanical properties of the two phases on
stress evolution, stress discontinuity, and strain energy are clarified. The trends obtained
with the model may be used to help tune electrode materials with appropriate interfacial
and bulk properties so as to increase the durability of battery electrodes.
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6.2

Introduction

Overcoming the mechanical degradation caused by diffusion induced stresses (DISs) is
critical for advancement of lithium ion batteries (LIBs). Recently, several mathematical
models have been developed along with experimental investigations to understand DISs
in LIB electrodes. Christensen and Newman (1, 2), and Zhang et al.(3, 4) simulated
intercalation induced stresses within single particles to capture the salient features of the
governing electrochemistry and solid mechanics taking place in LIBs. A substantial body
of literature is devoted to the modeling of LIBs using volume-averaged (macrohomogeneous) methods to simultaneously characterize the liquid and solid phase
phenomena (5-12). García et al. (13) developed a numerical framework that describes the
spatial distribution of electrochemical fields and stress distributions in porous electrode
microstructures. Recently, we (14-17) have analyzed the effects of battery operating
conditions and surface properties of nano-scaled electrodes on the stresses and strain
energy. We have also proposed fracture criteria for insertion electrodes(18).
Many of these models assume that the electrode particle remains in single phase during
lithium insertion and removal. However, it is well-known that lithium insertion often
leads to the formation of different phases depending upon electrode materials and the
state of charge (19). For example, graphite and LiCoO2(20) electrodes are known to have
distinct phases during lithium insertion. As lithium is inserted into the electrode, solidsolutions, inter-metallic compounds, and amorphous alloys may form so as to reduce the
Gibbs free energy of the system. Often, the systems have multiple phases separated by
moving phase boundaries during lithium insertion and removal.
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For a spherical electrode particle, the diffusion and phase transformation processes have
been modeled with the assumption that the two phases are situated in concentric spheres,
i.e., a core-shell structure, with a moving boundary at the interface between the two
distinct phases (10). During lithium insertion, the shell would be a lithium-rich phase and
the core would be a lithium-poor phase (vice-versa for lithium removal). These shrinking
core models are “sharp interface” (21) models with an abrupt change (jump) in the
concentration at the phase boundary. The shrinking core model further assumes isotropic
diffusion. There exist electrode materials, such as lithium-iron-phosphate, that are known
to have unidirectional diffusion behavior for which the shrinking core model has been
critiqued (22). But other electrode materials, such as silicon particles, are fairly isotropic
in diffusion and can thus be assumed to follow the shrinking core model, which have
been investigated by several authors. Han et at. (23) modeled the system with phase field
model based on the Cahn–Hilliard equation to simulate both diffusion and diffusional
phase transformations simultaneously. Several other authors have modeled diffusion
inside the particle. In particular, Subramanian and White (24, 25) and Jagannathan (26)
have provided analytic and numerical solutions of the diffusion equation for core-shell
models to help understand the kinetics of phase boundary motion. More recently,
Renganathan et al. (27) developed a numerical model with detailed consideration of the
effect of phase change on stresses inside a two phase core-shell system. In this chapter,
we analytically analyze DISs in the core-shell model of Subramanian and White (24).
Our analytic treatment yields simple relationships between the stress discontinuity at the
interface and various material properties for the two phase core-shell system.
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6.3

Core-shell model

We consider an isotropic diffusion system with two phases (𝛼 and 𝛽) in a core-shell

structure with a moving interface (24) as illustrated in Figure 6.1. Although the diffusion
equation appropriate for the core-shell model has been studied by several authors,
analytic solutions of stresses within the core-shell framework have not appeared in the
literature. Analytic solutions, if attainable, can help elucidate the effects of sharp jump in
the concentration at the interface of the two phases on DISs. In addition, several groups
have provided evidence for changes in mechanical properties with phase transformations.
Qi et al.(28, 29) showed that material properties change substantially upon lithium
insertion. Deshpande et al.(30) considered the effects of concentration-dependent elastic
properties on DISs in single phase systems.

6.4

Mathematical analysis

6.4.1. Mechanics
The bulk of the particle is assumed to initially be in the 𝛽 phase. It transform to the 𝛼

phase as a result of diffusion on delithiation (Figure 6.1). Both the 𝛼 and 𝛽 phases are
assumed to be isotropic linear elastic solids. The constitutive relationship in the spherical
coordinate system, for the radial and tangential components, are (4, 15, 18)
𝜀𝑟 =

1

𝐸𝑖

1

(𝜎𝑟 − 2𝜈𝑖 𝜎𝜃 ) + Ω𝑖 𝐶
3
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1

𝜀𝜃 =

𝐸𝑖

1

�(1 − 𝜈𝑖 )𝜎𝜃 − 𝜈𝑖 𝜎𝑟 � + 3 Ω𝑖 𝐶

(6.1)

here, Young’s modulus is 𝐸𝑖 , Poisson’s ratio is 𝜈𝑖 , the partial molar volume of the solute

is Ω𝑖 for the respective 𝛼 and 𝛽 phases (i = 𝛼 or 𝛽), and the molar concentration is 𝐶.

Equation (6.1) is analogous to the constitutive law typically used for modeling thermal
stress (31, 32) and has been used for modeling DISs (33), including stresses in battery
electrodes (4, 15-18). We further assume that the elastic properties of any of the phases
do not vary with the lithium composition variation in it and the influence on elastic
properties from the interface between the two phases is negligible.
Because of the spherical symmetry, the radial and tangential strains, in the infinitesimal
formulation of deformation, can be expressed as functions of radial displacement 𝑢 as

follows;
𝜀𝑟 =

𝑑𝑢
𝑑𝑟

and 𝜀𝜃 =

𝑢

(6.2)

𝑟

Since atomic diffusion in solids is a much slower process than elastic deformation,
mechanical equilibrium is established much faster than that of diffusion. Mechanical
equilibrium is, therefore, treated as a static equilibrium problem (31, 32). In the absence
of any body force, the equation for static mechanical equilibrium in the bulk of a sphere
is given by following equation32 :
𝑑𝜎𝑟
𝑑𝑟

+

2(𝜎𝑟 −𝜎𝜃 )
𝑟

= 0.

(6.3)

The solutions of this differential equation for a sphere (𝑎 ≤ 𝑟 ≤ 𝑅) for the case of
constant 𝐸, 𝜈, and Ω, are given by
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Ω𝐸

𝜎𝑟 = − 3(1−𝜈)
𝜎𝜃 =

2

𝑟3

𝑟

𝐸𝐼

Ω𝐸
1 𝑟
∫ 𝐶(𝑟)𝑟 2 𝑑𝑟
3(1−𝜈) 𝑟 3 𝑎

𝐼

Ω𝐸𝐶(𝑟)

𝑟

Ω

𝐸𝐼

𝐸

𝐼

1
− 3(1−𝜈) + �(1−2𝜈)
+ (1+𝜈) 𝑟23 �.

The displacement 𝑢(𝑟) is given by
1+𝜈

𝐸

1
− (1+𝜈) 𝑟23 �,
∫𝑎 𝐶(𝑟)𝑟 2 𝑑𝑟 + �(1−2𝜈)

𝐼

𝑢(𝑟) = �1−𝜈� 3𝑟 2 ∫𝑎 𝐶(𝑟)𝑟 2 𝑑𝑟 + 𝑟𝐼1 + 𝑟22

(6.4)

The parameters, 𝐼1 and 𝐼2 , can be obtained from the appropriate boundary conditions for
both the 𝛼 and 𝛽 phases (see, Equation (6.6) below). For the 𝛼 phase in the region of
𝑟𝑖 ≤ 𝑟 ≤ 𝑅, we have
2𝐸

𝜎𝑟 = − 3(1−𝜈𝛼
𝜎𝜃 =

𝐸𝛼

3(1−𝜈𝛼

𝛼)

𝑟

3 Ω
𝛼

�1 − � 𝑟𝑖 � �
𝑟

3 Ω
𝛼

�1 − � 𝑟𝑖 � �
)

3

3

𝐸 𝐼

2𝐸

𝐼

𝛼 1𝛼
𝛼
𝐶𝑎𝑣𝑔
(𝑟) + �(1−2𝜈
− (1+𝜈𝛼 ) 𝑟2𝛼3 �,
)

𝛼
𝐶𝑎𝑣𝑔
(𝑟) −

𝐸𝛼 Ω𝛼 𝐶(𝑟)
3(1−𝜈𝛼 )

𝛼

𝐸 𝐼

𝛼

𝐸

𝛼 1𝛼
+ �(1−2𝜈
+ (1+𝜈𝛼
)
𝛼

𝐼2𝛼
3�
)
𝛼 𝑟

.

(6.5a)

𝑟

𝛼
Here, 𝐶𝑎𝑣𝑔
(𝑟) = (3/(𝑟 3 − 𝑟𝑖3 )) ∫𝑟 𝐶(𝑟′)𝑟′2 𝑑𝑟′ is the average concentration in 𝛼
𝑖

phase (𝑟𝑖 ≤ 𝑟 ≤ 𝑅)

Because stress and displacement are finite at 𝑟 = 0, we have, for the 𝛽 phase within
0 ≤ 𝑟 < 𝑟𝑖 ,

2𝐸

𝜎𝑟 = − 3�1−𝜈𝛽
𝜎𝜃 =

𝐸𝛽

𝛽�

Ω𝛽

Ω𝛽

3(1−𝜈𝛽 ) 3

3

𝛽

𝐸 𝐼

𝛽 1𝛽
𝐶𝑎𝑣𝑔 (𝑟) + �1−2𝜈
,
�

𝛽

𝐶𝑎𝑣𝑔 (𝑟) −

𝛽

𝐸𝛽 Ω𝛽 𝐶(𝑟)
3(1−𝜈𝛽 )

𝐸 𝐼

𝛽 1𝛽
+ �1−2𝜈
�
𝛽
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.

(6.5b)

𝑟

𝛽

Here 𝐶𝑎𝑣𝑔 (𝑟) = (3/𝑟 3 ) ∫0 𝐶(𝑟′)𝑟′2 𝑑𝑟′ is the average concentration in 𝛽 phase (0 ≤ 𝑟 ≤

𝑟𝑖 ).

Without considering the effects of surface energy and surface stresses, the normal stress
at the free surface of the spherical particle is 𝜎𝑟 (𝑅) = 0. Since, the normal component

stresses and displacements are continuous at the interface between the 𝛼 and 𝛽 phases,
we have

𝛽

𝛽

𝜎𝑟 (𝑟𝑖𝛼 ) = 𝜎𝑟 �𝑟𝑖 � and 𝑢(𝑟𝑖𝛼 ) = 𝑢�𝑟𝑖 �.

(6.6)

Using these conditions, we can solve for the parameters 𝐼1𝛼 , 𝐼2𝛼 and 𝐼1𝛽
𝐼2𝛼 =
𝐼1𝛼 = 2

𝑟𝑖3

�1−2𝜈𝛽 �𝐸𝛼

2𝐸𝛼 �1−2𝜈𝛽 �
𝐸𝛽 (1+𝜈𝛼 )

𝑟

3

(1−2𝜈 ) 𝑟

1+2 (1+𝜈 )𝐸 �1−� 𝑖 � �+2 (1+𝜈 𝛼) � 𝑖 �
𝑅
𝑅
𝛼
𝛼 𝛽

(1−2𝜈𝛼 ) 𝐼2𝛼
(1+𝜈𝛼 ) 𝑅 3

𝐼1𝛽 =
−

𝑟 3 Ω
2 �1−2𝜈𝛽 �𝐸𝛼 (1−2𝜈𝛼 )
𝛼 (𝑅)+Ω𝛽� 𝐶 𝛽 (𝑟 )
�
− (1−𝜈 ) ��1−� 𝑖 � � 𝛼 𝐶𝑎𝑣𝑔
3 𝑎𝑣𝑔 𝑖
𝑅
3 (1−𝜈𝛼 )𝐸𝛽
3
𝛼

+

𝑟

2(1−2𝜈𝛼 )
�1
3(1−𝜈𝛼 )

3 𝐼

�1 − � 𝑅𝑖 � � 𝑟2𝛼3 +

2�1−2𝜈𝛽 � 𝑟𝑖 3 Ω𝛽 𝛽
� � 3 𝐶𝑎𝑣𝑔 (𝑟𝑖 )
3�1−𝜈𝛽 � 𝑅

𝑖

𝑟

3 Ω
𝛼

− � 𝑅𝑖 � �

2𝐸𝛼 �1−2𝜈𝛽 �
3𝐸𝛽 (1−𝜈𝛼 )

3

,

3

𝛼
𝐶𝑎𝑣𝑔
(𝑅),

𝑟

(6.7)

3 Ω
𝛼

�1 − � 𝑅𝑖 � �

3

𝛼
𝐶𝑎𝑣𝑔
(𝑅) +

Motivated by the discontinuities of properties at the interface between the 𝛼 and 𝛽
phases, we evaluate the stress jump at the interface in the tangential direction:
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∆𝜎𝜃 (𝑟𝑖 ) = 𝜎𝜃 |𝑟𝑖 + − 𝜎𝜃 |𝑟𝑖 − = �
𝛽

𝐸𝛽 Ω𝛽 𝐶𝑎𝑣𝑔 (𝑟𝑖 )

𝐸𝛽 Ω𝛽 𝐶𝛽 (𝑟𝑖 )
3(1−𝜈𝛽 )

−

𝐸𝛼 Ω𝛼 𝐶𝛼 (𝑟𝑖 )
3(1−𝜈𝛼 )

�

3(1−𝜈𝛽 )

𝐸 𝐼

𝐸 𝐼

𝐸

𝛽 1𝛽
𝛼 1𝛼
� + �(1−2𝜈
− �1−2𝜈
+ (1+𝜈𝛼
�
)
𝛼

𝛽

𝐼2𝛼

𝛼 ) 𝑟𝑖

3

−

(6.8)

As an example, we calculated the concentration profiles for a specific case of lithium
removal using the spherical core-shell model.

6.4.2. Diffusion in spherical core-shell
We assume a spherical particle of radius R in the 𝛽 phase, with an initial uniform

concentration 𝐶𝛽 and a constant concentration 𝐶𝑅 at the surface (reflecting facile
electrochemical kinetics and a porous-electrode system dominated by solute-diffusion
resistance (14, 15)).
The concentration in the 𝛽 phase remains constant, but the interface between the 𝛼 and 𝛽

phases, 𝑟𝑖 , moves toward the center of the sphere as the 𝛽 phase is consumed. Diffusion
in the 𝛼 phase is assumed to follow the diffusion equation with a constant diffusion
coefficient 𝒟𝛼
𝜕𝐶
𝜕𝑡

=

𝒟𝛼
𝑟2

𝜕

𝜕𝐶

�𝜕𝑟 �𝑟 2 𝜕𝑟 ��,

(6.9)

with boundary condition
𝐶(𝑅, 𝑡) = 𝐶𝑅 , 𝑓𝑜𝑟 𝑡 ≥ 0,

𝐶(𝑟𝑖 , 𝑡) = 𝐶𝛼 , 𝑓𝑜𝑟 𝑡 ≥ 0,

(6.9a)
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initial condition
𝐶(𝑟, 𝑡) = 𝐶𝛽 , 𝑎𝑡 0 ≤ 𝑟 ≤ 𝑅

(6.9b)

and interface condition (33)
�𝐶𝛽 − 𝐶𝛼 �

𝑑𝑟𝑖
𝑑𝑡

𝜕𝐶

= 𝐷𝛼 𝜕𝑟 �

(6.9c)

𝑟=𝑟𝑖

The Equation set 6.9 can be cast in dimensionless form by using 𝐶̂ = 𝐶 ⁄𝐶𝛼 , 𝑥 = 𝑟⁄𝑅 ,

𝑥𝑖 = 𝑟𝑖 ⁄𝑅 and 𝜏 = 𝐷𝛼 𝑡 ⁄𝑅 2 . We solve Equation set (6.9) to obtain the solution for
concentration as follows (details in Appendix 1).
Of particular interest is when 𝐶𝑅 = 0, we have
𝐶̂ (𝑥, 𝜏) =

𝑥𝑖
𝑥𝑖
−
(1 − 𝑥𝑖 )𝑥 (1 − 𝑥𝑖 )
∞

2
𝑥𝑖
+ � �(𝑐0 − 1)
𝑛𝜋
𝑥
𝑛=0

− 𝑐0

2
(−1)𝑛
𝑛𝜋
𝑛𝜋
(𝑥 − 𝑥𝑖 )� 𝑒𝑥𝑝 �− �
� 𝑠𝑖𝑛 �
� 𝜏�
(1 − 𝑥𝑖 )
(1 − 𝑥𝑖 )
𝑛𝜋

(6.10)
and
𝑑𝐶̂ (𝑥, 𝜏)
1
�
=−
𝑥𝑖 (1 − 𝑥𝑖 )
𝑑𝑥
𝑟=𝑟
𝑖

∞

2
2
𝑛𝜋
+
�[(𝑐0 − 1)𝑥𝑖 − (−1)𝑛 𝑐0 ] 𝑒𝑥𝑝 �− �
� 𝜏�
(1 − 𝑥𝑖 )
𝑥𝑖 (1 − 𝑥𝑖 )
𝑛=0
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(6.11)
𝐶
where 𝑐0 = 𝐶̂ (𝑥, 0) = 𝐶𝛽 .
𝛼

Thus, we can locate the interface position using this Equation (6.9c) and Equation (6.11).
From the concentration profile and interface position, we can calculate the parameters
𝐼2𝛼 , 𝐼1𝛼 and 𝐼2𝛽 using Equation (6.7).
These parameters are used to calculate the radial and tangential stresses using Equation
(6.5a) and Equation (6.5b). The tangential stress jump at the interface is obtained using
Equation (6.8).

6.5

Results and discussions

In Figure 6.2 we plot the dimensionless concentration at various radial locations and at
different dimensionless times. Within the core-shell model, we obtain the lithium ion
concentration profile for the two phase system in a spherical electrode particle. We
impose a sharp jump in concentration at the interface between the two phases with
continuous movement of the interface towards the center. The interface location vs. time
is plotted in Figure 6.3.
We define dimensionless stresses as follows;
𝜉𝑖 =

𝜎𝑖

Ωα 𝐶𝛼 𝐸𝛼
3 (1 − 𝜈𝛼 )
147

Here, ‘i’ represents direction 𝑟, 𝜃, or 𝜑. We plot the dimensionless stresses 𝜉𝑖 at different
radial locations (𝑥) and dimensionless times (𝜏) for a core-shell, spherical electrode
particle in Figures 6.4 & 6.5. We now consider several cases of material parameters.

First, we consider that both phases have the same mechanical properties i.e., 𝐸𝛽 ⁄𝐸𝛼 =

1 and Ω𝛽 ⁄Ω𝛼 = 1. This assumption enables us to analyze the effect of a sharp jump in
concentration at the interface on the stress profiles.

Figure 6.4 shows the radial stress distribution in the two phase core-shell model. If we
compare these results with the previously obtained results for single phase electrodes
(Cheng and Verbrugge, Fig 1b and Fig 1c) (15), we find that, unlike previous single
phase models, the core region of the two phase system has a uniform radial compressive
stress. This can be a result of the uniform concentration in the core region. But we note
that the magnitude of stress in the core region depends upon the interfacial location and
not just the concentration of solute in the core region. The same can be observed for the
tangential stresses (Figure 6.5).
We see (Figure 6.4) that, as the interface moves towards the center, the compressive
radial stress increases until the β phase vanishes.
In general, the radial stress is always compressive and the tangential stress is tensile in
the 𝛼 phase during lithium removal. Since cracking is caused by tensile stress, the
tangential stress plays more important role in surface cracking of the electrode particle.
Furthermore, from Figure 6.5 we observe that there is a tangential stress discontinuity at
the interface, which can cause crack initiation. More specifically, since the α phase region
is under tension and the β phase region is under compression, there is a sharp change in
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tangential stresses from compression to tension across the interface. This jump in stress
levels may increase the tendency of cracking of the electrode material. In addition, the
tangential stress has a maximum tensile value at lithium removal. The magnitude of the
radial and tangential stress are the same at the center so that stress at the center is purely
hydrostatic in compression. In comparison with the radial and tangential stresses of the
single phase model (Cheng and Verbrugge, Figure 1b and Figure 1c) (15), we observe
that the stress levels at any given time are significantly different in the two phase model
even though we assume the same material properties of both the phases.
In Figure 6.6 we plot the maximum tangential stress jump as a function of 𝐶𝛽 ⁄𝐶𝛼 ,

assuming that other material properties of both phases are the same. We observe that as

the ratio 𝐶𝛽 ⁄𝐶𝛼 increases, the stress jump across the interface increases. As discussed

earlier, the increase in stress jump can be detrimental to the electrode and may lead to
cracking. In real batteries, the coexistence of phases with large 𝐶𝛽 ⁄𝐶𝛼 should therefore

be avoided. This may be accomplished by controlling the state of charge to avoid forming
multiple phases with high 𝐶𝛽 ⁄𝐶𝛼 ratios.

Next, we consider the case when Poisson’s ratio of both the phases is the same, i.e.,
𝜈𝛼 = 𝜈𝛽 = 𝜈. Equation (6.8), in dimensionless form, can then be written as
∆𝜉𝜃 (𝑥𝑖 ) = �𝜉𝜃 |𝑥 + − 𝜉𝜃 |𝑥𝑖− � =
𝑖

� 𝐶̂𝛽 (𝑥𝑖 ) − 1 −
𝐸� Ω

�
𝐸� Ω
3

(1 +

𝛽
2𝑥𝑖3 )𝐶̂𝑎𝑣𝑔 (𝑥𝑖 )

+

(1−2𝜈)
1
𝛽
𝛼 (𝑅)+3Ω
� 𝐶̂𝑎𝑣𝑔
2� � −1� (1−𝜈) �1−𝑥𝑖3 �𝐶̂𝑎𝑣𝑔
(𝑥𝑖 )
𝐸

2(1−2𝜈)
2(1−2𝜈) 3 (1+𝜈)
3
� (1−𝜈) �1−𝑥𝑖 �+ (1−𝜈) 𝑥𝑖 +(1−𝜈)
𝐸
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,

(6.12)

� = Ω𝛽 ⁄Ω𝛼 . We find that the maximum stress jump during
where 𝐸� = 𝐸𝛽 ⁄𝐸𝛼 and Ω

lithium removal at the surface is obtained at the start of lithium removal. If we assume,
𝐸� = 1, the stress jump at the start of lithium removal is
∆𝜉𝜃 (𝑥𝑖 )|𝑟𝑖 →𝑅,

𝜏→0

= �𝜉𝜃 |𝑥 + − 𝜉𝜃 |𝑥𝑖− �
𝑖

𝑚𝑎𝑥

� 𝐶̂𝛽 (𝑥𝑖 ) − 1�.
~ �Ω

(6.12a)

� = 1, the maximum stress jump can be related to the concentration jump at the
If Ω
interface as follows
∆𝜉𝜃 (𝑥𝑖 )|𝑟𝑖 →𝑅,

𝜏→0

= �𝜉𝜃 |𝑥 + − 𝜉𝜃 |𝑥𝑖− �
𝑖

𝑚𝑎𝑥

~ �𝐶̂𝛽 (𝑥𝑖 ) − 1� .

(6.12b)

We observe that material properties such as the volume expansion coefficient and
Young’s modulus have a significant effect on stress behavior, as well as on the
magnitude of stress discontinuity at the interface. We plot in Figure 6.7 the magnitude of
maximum stress discontinuity as a function of the relative expansion coefficient Ω𝛽 ⁄Ω𝛼

for different values of the relative Young’s modulus 𝐸𝛽 ⁄𝐸𝛼 of the two phases. The

ratio 𝐶𝛽 ⁄𝐶𝛼 = 2 is held constant to observe the effects of Ω𝛽 ⁄Ω𝛼 and 𝐸𝛽 ⁄𝐸𝛼 on the
magnitude of the stress discontinuity.

We observe that for 𝐶𝛽 ⁄𝐶𝛼 = 2, even if the two phases have the same partial molar

volumes � Ω𝛽 ⁄Ω𝛼 = 1�, there can be a stress discontinuity at the interface, depending on

the values of 𝐸𝛽 ⁄𝐸𝛼 . We observe that, for Ω𝛽 ⁄Ω𝛼 > 1, the stress discontinuity increases
continuously with an increasing ratio of 𝐸𝛽 ⁄𝐸𝛼 . In contrast, if Ω𝛽 ⁄Ω𝛼 ≪ 1 the stress

discontinuity may increase or decrease with an increase in 𝐸𝛽 ⁄𝐸𝛼 . If 𝐸𝛽 ⁄𝐸𝛼 = 1, there
is no stress discontinuity at the interface when Ω𝛽 𝐶𝛽 ⁄Ω𝛼 𝐶𝛼 = 1. This is in agreement
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with Equation (12a). For other values of 𝐸𝛽 ⁄𝐸𝛼 , the minimum stress discontinuity is
located near the value Ω𝛽 ⁄Ω𝛼 such that

Ω𝛽 𝐶𝛽 ⁄Ω𝛼 𝐶𝛼 = 1, because Ω𝛽 𝐶𝛽 ⁄Ω𝛼 𝐶𝛼 = 1

implies that both phases have the same expansion tendency. Thus, the minimum stress
jump is around Ω𝛽 ⁄Ω𝛼 = 0.5 for 𝐶𝛽 ⁄𝐶𝛼 = 2 (see, Figure 6.7).
6.6

Strain energy calculations

We calculate the bulk strain energy per unit volume, or the bulk strain energy density,
e(r), accumulated as a result of the elastic deformation for the isotropically deformed
sphere as(32)
1

𝜈

𝑒(𝑟) = 2𝐸 �𝜎𝑟2 + 2𝜎𝜃2 � − 𝐸 (2𝜎𝑟 𝜎𝜃 + 𝜎𝜃2 ) .

(6.13)

The total bulk strain energy can be obtained by integrating the strain energy density over
the entire volume. In the core-shell model, the total bulk energy is the sum of strain
energies in both phases. The bulk strain energy of such an electrode particle in
dimensionless form is

П𝑏𝑢𝑙𝑘 =
1

∫�𝑟𝑖�

𝑅�

𝑊𝑏𝑢𝑙𝑘

Ω
𝐶𝛼
2𝜋𝑅 3 𝐸𝛼 � 𝛼 (1−𝜈
�
3
𝛼)

2

𝑟
� 𝑖�𝑅 � 𝐸𝛼
𝐸𝛽

= ∫0

��𝜉𝑟2 + 2𝜉𝜃2 � − 2𝜈𝛽 𝜉𝜃 (2𝜉𝑟 + 𝜉𝜃 )�𝑥 2 𝑑𝑥 +

��𝜉𝑟2 + 2𝜉𝜃2 � − 2𝜈𝛼 𝜉𝜃 (2𝜉𝑟 + 𝜉𝜃 )�𝑥 2 𝑑𝑥

(6.14)

From the plot (Figure 6.8) of dimensionless strain energy versus time, we observe that the
strain energy increases initially, reaches a peak value, and then decreases. The strain
energy stored is transferred to surface energy during fracture; hence, strain energy can
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drive crack propagation. We now analyze peak strain energy as a function of various
parameters. The strain energy depends on the relative magnitude of material properties of
the two phases. From Figure 8, we observe that, for a given value of 𝐸𝛽 ⁄𝐸𝛼 and 𝐶𝛽 ⁄𝐶𝛼 ,

the magnitude of the peak strain energy increases with increase in Ω𝛽 ⁄Ω𝛼 . We plot the
maximum strain energy as a function of 𝐸𝛽 ⁄𝐸𝛼 for different 𝐶𝛽 ⁄𝐶𝛼 values (Figure 6.9)
for a given value of Ω𝛽 ⁄Ω𝛼 . From Figure 6.9, we observe that strain energy increases

with increase in 𝐶𝛽 ⁄𝐶𝛼 . For a given value of Ω𝛽 ⁄Ω𝛼 , the peak strain energy increases,

reaches a maximum and then decreases slightly with increasing 𝐸𝛽 ⁄𝐸𝛼 , as shown in

Figure 6.9. From Figure 6.5, we observe that the maximum tensile stress is reached at the
surface at the start of lithium removal. At this moment, the stress discontinuity reaches a
maximum. We analytically calculate the strain energy at the surface at the start of lithium
removal

1

2
Ω
𝐶𝛼
� �
�𝐸𝛼 � 𝛼 (1−𝜈
)
3
𝛼

𝑒(𝑟)�

𝑡→0,𝑟→𝑅

� 𝐶̂𝛽 (𝑟𝑖 ) − 1�2 .
= 2(1 − 𝜈𝛼 )𝜉𝜃2 = 2(1 − 𝜈𝛼 )�Ω

(6.15)

This local strain energy density is responsible for crack initiation and propagation at the
surface at the start of lithium removal. Thus, we find that the strain energy at the surface
has a dependence on the Poisson’s ratio of the 𝛼 phase, as well as the ratio expansion
� 𝐶̂𝛽 = Ω𝛽 𝐶𝛽 ⁄Ω𝛼 𝐶𝛼 �.
tendencies of the two phases �Ω

For evaluating the magnitude of stresses and strain energy density, we consider an
electrode particle of radius 1 micro-meter. We use the material properties of a similar
order of magnitude as that used by Cheng and Verbrugge(15) for representative lithium
ion electrode materials. The material properties of 𝛼 phase are assumed to be 𝐸𝛼 =
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10𝐺𝑃𝑎, 𝜈𝛼 = 0.3 and (Ω𝛼 ⁄3)𝐶𝛼 = 0.08. We assume the properties of β phase to be
� 𝐶̂𝛽 (𝑟𝑖 ) = 2. With these
𝐸𝛽 = 10𝐺𝑃𝑎, 𝜈𝛽 = 0.3 and �Ωβ ⁄3�𝐶β = 0.16. This gives Ω

values and values from Figure 6.3, the tangential stress at the surface at dimensionless
time 𝜏 = 0.001 can be found to be 𝜉𝜃 = 1.9 which corresponds to 0.724𝐺𝑃𝑎. Using the
analysis from Deshpande et al.(30), we can approximate the theoretical strength of the
material as 0.3𝐸 𝑜𝑟 3𝐺𝑃𝑎. We find that the stress level is the same order of magnitude as
the theoretical strength of the material.

Similarly, from Figure 6.9, the magnitude of dimensionless strain energy is found to be
0.3. Thus the total strain energy (𝑊𝑏𝑢𝑙𝑘 ), calculated from Equation (6.14), is found to be
1.822 ∙ 10−10 𝐽. If we assume that the surface energy of the material is about 𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 =

5 𝐽 𝑚−2, the fracture energy to cut the particle into two pieces through the center, would

be 𝐸𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 = 2𝜋𝑅 2 𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒 = 3.14 ∙ 10−11 𝐽. Thus, we find that the peak strain energy
has a similar order of magnitude as the fracture energy.

This approximate analysis shows that both the stresses and the strain energy can be high
enough to cause electrode fracture.
6.7

Summery and conclusions

The extraction of lithium from an electrode particle in the context of a core-shell
geometry is modeled, yielding the solute (guest) concentration profile inside an electrode
particle as well as stress distribution throughout the two phase particle.
At the interface between the two phases, 𝛼 and 𝛽, the stress discontinuity is observed to

depend upon the ratio of the equilibrium concentrations on the two phases: the larger the
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equilibrium ratio 𝐶𝛽 ⁄𝐶𝛼 , the greater is the stress discontinuity. A phase transformation

involving a large change in concentration should therefore be avoided by optimizing the
operating condition to minimize electrode degradation. Furthermore, the maximum stress
discontinuity occurs at the particle surface when the lithium removal process initiates
(e.g., at the start of discharge for a graphitic negative electrode), suggesting surface as the
fracture initiation sites.
The interfacial stress discontinuity also depends upon material properties of the two
phases. For any ratio of moduli 𝐸𝛽 ⁄𝐸𝛼 , there is a value of the partial molar volume ratio

Ω𝛽 ⁄Ω𝛼 at which the stress discontinuity is a minimum. The minimum stress

discontinuity occurs when Ω𝛽 𝐶𝛽 ⁄Ω𝛼 𝐶𝛼 = 1; i.e., the expansion tendency of both phases
is the same.

Alloying the electrode material with another inactive material may change mechanical
properties of both the phases, such as the 𝐸𝛽 ⁄𝐸𝛼 value. Similarly, alloying may also

change the partial molar values of solute in both the phases, i.e., the ratio Ω𝛽 ⁄Ω𝛼 . The
systematic trends obtained from the two phase core-shell model suggest that by reducing
𝐸𝛽 ⁄𝐸𝛼 and also modifying the Ω𝛽 ⁄Ω𝛼 in such a way that Ω𝛽 𝐶𝛽 ⁄Ω𝛼 𝐶𝛼 = 1 would

minimize stresses at interfaces.

As the lithium removal proceeds, strain energy stored within the particle, which can be
released to drive crack propagation, increases initially, reaches a peak value, and then
decreases gradually. We find that the local strain energy density depends upon the
difference in expansion tendencies of the two phases and the local strain energy density
scales with � Ω𝛽 𝐶𝛽 − Ω𝛼 𝐶𝛼 � 2 .
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𝜕𝐶
𝜕𝑡

=

𝜕𝐶
𝒟𝛼 𝜕2
� �𝑟 2 𝜕𝑟 ��,
𝑟 2 𝜕𝑟

(9)

with boundary condition
𝐶
𝐶̂ (1, 𝜏) = 𝐶𝑅 = 𝑐1 , 𝑓𝑜𝑟 𝑡 ≥ 0,
𝛼

𝐶̂ (𝑥𝑖 , 𝜏) = 1, 𝑓𝑜𝑟 𝑡 ≥ 0,
(9a)

initial condition
𝐶𝛽
𝐶̂ (𝑥, 0) = 𝐶 = 𝑐0 , 𝑎𝑡 0 ≤ 𝑟 ≤ 𝑅
𝛼

(9b)

and interface condition33
𝑑𝑥𝑖
𝑑𝑡

=𝑘

𝜕𝐶̂
�
𝜕𝑥 𝑥=𝑥𝑖

(9c)

where =

1
𝑐0 −1

.

The solution to the above partial-differential equation corresponds to24

A
2
C ( x ,τ ) = − + B +
x
x

∞

∑
n =0

 
 nπ

(x − xi ) exp −  nπ
Bn sin 
 1 − xi

  1 − xi





2



τ



(26)

1
1 − c1
xi
(− 1)n .
x
, B=
, and Bn = (c0 − 1) i − (c0 − c1 )
where A =
1
1
nπ
nπ
1−
1−
xi
xi
1 − c1

Of particular interest is when c1 = 0 (i.e., CR = 0 ).
Then A = B =

1
1−

1
xi

=−

xi
(− 1)n .
x
and Bn = (c0 − 1) i − c0
1 − xi
nπ
nπ

We then have
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C ( x, τ ) =

2
n
   nπ  
(
2 ∞ 
xi
xi
xi
− 1)   nπ






−
+
 (c0 − 1) nπ − (c0 ) nπ  sin  1 − x (x − xi ) exp −  1 − x  τ 
(1 − xi )x 1 − xi x ∑
n =0 
i
i 
  
 


(27)
and


∂C
∂x

6.8

x = xi

1
2
=−
+
xi (1 − xi ) xi 1 − xi

(

 
(c0 − 1)xi − (− 1) c0 exp −  nπ
1 − xi
 

)∑(
∞

n =0

n

)

2
 
 τ
 
.

List of symbols

𝑟, 𝜃, 𝜑

spherical coordinates

Ωi

partial molar volume of the solute in phase ‘i’ ( 𝑚3 𝑚𝑜𝑙 −1 )

𝑟𝑖

radial location of interface form the center of particle (𝑚)

𝑅

𝜈i

radius of the spherical electrode particle (𝑚)

Poisson’s ratio of phase ‘i’

𝐸i

Young’s modulus of phase ‘i’ (𝑁 𝑚−2 )

𝜎𝑟

radial stress (𝑁 𝑚−2 )

𝑢

𝜎𝜃
𝜎

radial displacement (𝑚)

tangential stress (𝑁 𝑚−2 )
mean stress (𝑁 𝑚−2 )
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(28)

𝜎𝑠ℎ𝑒𝑎𝑟
𝜀𝑟

shear stress (𝑁 𝑚−2 )
radial strain

𝜀𝜃

tangential strain

𝐶𝛼

equilibrium concentration of solute in α phase (𝑚𝑜𝑙 𝑚−3 )

𝐶(𝑟, 𝑡)

𝐶𝛽

𝐷𝛼
𝑡

𝑥

𝑥𝑖
𝜏

𝐶̂

𝜉𝑟

𝜉𝜃

∆𝜉𝜃 (𝑟𝑖 )
e(r)

solute concentration at radius 𝑟 at time 𝑡 (𝑚𝑜𝑙 𝑚−3 )

equilibrium concentration of solute in β phase (𝑚𝑜𝑙 𝑚−3 )
diffusion coefficient of the solute in α phase (𝑚2 𝑠𝑒𝑐 −1 )
Time
dimensionless radius
dimensionless radial location of interface
dimensionless time
dimensionless concentration
dimensionless radial stress
dimensionless tangential stress
dimensionless tangential stress jump at the interface
local strain energy density (𝐽 𝑚−3 )
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𝑊𝑏𝑢𝑙𝑘
∏𝑏𝑢𝑙𝑘

∏𝑏𝑢𝑙𝑘 |𝑚𝑎𝑥
𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝐸𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒

total strain energy stored due to bulk deformation (𝐽)
dimensionless bulk strain energy
maximum strain energy stored
surface energy (𝐽 𝑚−3 )

fracture energy (𝐽 𝑚−2 )

6.9

References

1.

J. Christensen, J. Newman, A Mathematical Model of Stress Generation and
Fracture in Lithium Manganese Oxide. Journal of The Electrochemical Society
153, A1019 (2006).

2.

J. Christensen, J. Newman, Stress generation and fracture in lithium insertion
materials. Journal of Solid State Electrochemistry 10, 293 (2006).

3.

X. Zhang, A. M. Sastry, W. Shyy, Intercalation-Induced Stress and Heat
Generation within Single Lithium-Ion Battery Cathode Particles. Journal of The
Electrochemical Society 155, A542 (2008).

4.

X. Zhang, W. Shyy, A. M. Sastry, Numerical Simulation of Intercalation-Induced
Stress in Li-Ion Battery Electrode Particles. Journal of The Electrochemical
Society 154, A910 (2007).

158

5.

M. Doyle, T. F. Fuller, J. Newman, Modeling of Galvanostatic Charge and
Discharge of the Lithium/Polymer/Insertion Cell. Journal of The Electrochemical
Society 140, 1526 (1993).

6.

T. F. Fuller, M. Doyle, J. Newman, Simulation and Optimization of the Dual
Lithium Ion Insertion Cell. Journal of The Electrochemical Society 141, 1 (1994).

7.

M. Doyle, J. Newman, A. S. Gozdz, C. N. Schmutz, J.-M. Tarascon, Comparison
of Modeling Predictions with Experimental Data from Plastic Lithium Ion Cells.
Journal of The Electrochemical Society 143, 1890 (1996).

8.

R. Darling, J. Newman, Modeling a Porous Intercalation Electrode with Two
Characteristic Particle Sizes. Journal of The Electrochemical Society 144, 4201
(1997).

9.

D. R. Baker, M. W. Verbrugge, Temperature and Current Distribution in ThinFilm Batteries. Journal of The Electrochemical Society 146, 2413 (1999).

10.

V. Srinivasan, J. Newman, Discharge Model for the Lithium Iron-Phosphate
Electrode. Journal of The Electrochemical Society 151, A1517 (2004).

11.

S. Devan, V. R. Subramanian, R. E. White, Analytical Solution for the Impedance
of a Porous Electrode. Journal of The Electrochemical Society 151, A905 (2004).

12.

D. Dees, E. Gunen, D. Abraham, A. Jansen, J. Prakash, Electrochemical
Modeling of Lithium-Ion Positive Electrodes during Hybrid Pulse Power
Characterization Tests. Journal of The Electrochemical Society 155, A603 (2008).

159

13.

R. E. Garcia, Y.-M. Chiang, W. C. Carter, P. Limthongkul, C. M. Bishop,
Microstructural Modeling and Design of Rechargeable Lithium-Ion Batteries.
Journal of The Electrochemical Society 152, A255 (2005).

14.

Y.-T. Cheng, M. W. Verbrugge, Evolution of stress within a spherical insertion
electrode particle under potentiostatic and galvanostatic operation. Journal of
Power Sources 190, 453 (2009).

15.

Y.-T. Cheng, M. W. Verbrugge, The influence of surface mechanics on diffusion
induced stresses within spherical nanoparticles. Journal of Applied Physics 104,
083521 (2008).

16.

M. W. Verbrugge, Y.-T. Cheng, Stress and Strain-Energy Distributions within
Diffusion-Controlled Insertion-Electrode Particles Subjected to Periodic Potential
Excitations. Journal of The Electrochemical Society 156, A927 (2009).

17.

R. Deshpande, Y.-T. Cheng, M. W. Verbrugge, Modeling diffusion-induced stress
in nanowire electrode structures. Journal of Power Sources 195, 5081 (2010).

18.

Y.-T. Cheng, M. W. Verbrugge, Application of Hasselman's Crack Propagation
Model to Insertion Electrodes. Electrochemical and Solid-State Letters 13, A128
(2010).

19.

C. K. Chan, R. Ruffo, S. S. Hong, R. A. Huggins, Y. Cui, Structural and
electrochemical study of the reaction of lithium with silicon nanowires. Journal of
Power Sources 189, 34 (2009).

160

20.

Q. Zhang, R. E. White, Moving Boundary Model for the Discharge of a
LiCoO[sub 2] Electrode. Journal of The Electrochemical Society 154, A587
(2007).

21.

D. M. Anderson, G. B. McFadden, A. A. Wheeler, A phase-field model with
convection: sharp-interface asymptotics. Physica D: Nonlinear Phenomena 151,
305 (2001).

22.

L. Laffont et al., Study of the LiFePO4/FePO4 Two-Phase System by HighResolution Electron Energy Loss Spectroscopy. Chem. Mater. 18, 5520 (2006).

23.

B. C. Han, A. Van der Ven, D. Morgan, G. Ceder, Electrochemical modeling of
intercalation processes with phase field models. Electrochimica Acta 49, 4691
(2004).

24.

V. R. Subramanian, H. J. Ploehn, R. E. White, Shrinking Core Model for the
Discharge of a Metal Hydride Electrode. Journal of The Electrochemical Society
147, 2868 (2000).

25.

V. R. Subramanian, R. E. White, New separation of variables method for
composite electrodes with galvanostatic boundary conditions. Journal of Power
Sources 96, 385 (2001).

26.

K. Jagannathan, Approximate Solution Methods for Solid-State Diffusion in
Phase-Change Electrodes. Journal of The Electrochemical Society 156, A1028
(2009).

161

27.

S. Renganathan, G. Sikha, S. Santhanagopalan, R. E. White, Theoretical Analysis
of Stresses in a Lithium Ion Cell. Journal of The Electrochemical Society 157,
A155 (2010).

28.

Y. Qi, H. Guo, L. G. Hector, A. Timmons, Journal of The Electrochemical
Society, (2010).

29.

Y. Qi, V. Shenoy, P. Johari, Journal of Power Sources, (2010).

30.

R. Deshpande, Y. Qi, Y.-T. Cheng, Effects of Concentration-Dependent Elastic
Modulus on Diffusion-Induced Stresses for Battery Applications. Journal of The
Electrochemical Society 157, A967 (2010).

31.

R. Hetnarski, R. Eslami, Thermal Stresses -- Advanced Theory and Applications
(Solid Mechanics and Its Applications). (Springer, 2008).

32.

S. Timoshenko, J. N. Goodier, Theory of elasticity, by S. Timoshenko and J.N.
Goodier. (New York, McGraw-Hill, 1951).

33.

J. Crank, The Mathematics of Diffusion. (Oxford University Press, USA, 1980).

162

Figure 6.1: A cartoon diagram indicating that, initially, before lithium removal the
electrode is completely β Phase (a), which convert to a two phase system with β core and
α shell (b), and finally the whole particle is α phase (c).
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Figure 6.2: A plot of the lithium ion concentration inside an electrode particle at different
radial locations and times for during lithium removal � 𝐶𝛽 ⁄𝐶𝛼 = 2�. At the interface
there is sharp jump in concentration. Here the magnitude of the jump in concentration is
decided by the ratio of 𝐶𝛽 ⁄𝐶𝛼 between the two phases.

164

Figure 6.3: A plot of the interface location along the radius at different times � 𝐶𝛽 ⁄𝐶𝛼 =
2�. As the lithium removal proceeds, 𝛽 phase transforms into 𝛼 phase, and the interface
moves towards the particle center. After a certain period of lithium removal, 𝛽 phase
completely diminishes and the particle becomes a single phase particle.
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Figure 6.4: A plot of the radial stress inside an electrode particle at different radial
locations at different times.
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Figure 6.5: A plot of the tangential stress inside an electrode particle at radial locations
and times.
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Figure 6.6: A plot of the maximum stress jump (tangential) at the interface as a function
of 𝐶𝛽 ⁄𝐶𝛼 assuming the same material properties for both phases. If the material
properties such as partial molar volume and Young’s modulus of both phases are the
same, as 𝐶𝛽 ⁄𝐶𝛼 → 1, then stress discontinuity at the interface vanishes.
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Figure 6.7: A plot of the maximum stress jump (tangential) at the interface as a function
of the relative partial molar volume of two phases Ω𝛽 ⁄Ω𝛼 for different values of relative
Young’s modulus 𝐸𝛽 ⁄𝐸𝛼 of the two phases, for 𝐶𝛽 ⁄𝐶𝛼 = 2.
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Figure 6.8: Variation of strain energy with time in an electrode particle. Different curves
represent strain energy variation for different magnitudes of Ω𝛽 ⁄Ω𝛼 . For these curves,
𝐸𝛽 ⁄𝐸𝛼 = 1 and 𝐶𝛽 ⁄𝐶𝛼 = 2.
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Figure 6.9: Peak strain energy variation with different values of 𝐸𝛽 ⁄𝐸𝛼 . The different
curves represent such a variation in peak strain energy for different 𝐶𝛽 ⁄𝐶𝛼 ratios.
Here Ω𝛽 ⁄Ω𝛼 = 1.
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CHAPTER 7

EFFECT OF MESOPORES INSIDE ELECTRODE PARTICLES ON DIFFUSION
INDUCED STRESS
This chapter is based on work published as:
S. J. Harris, R. D. Deshpande, Y. Qi, I. Dutta, Y. T. Cheng, Mesopores inside electrode
particles can change the Li-ion transport mechanism and diffusion-induced stress.
Journal of Materials Research 25, 1433 (Aug, 2010)
It’s reproduced by permission of Materials Research Society.

7.1

Summary

One of the major mechanisms behind capacity fading of the lithium ion batteries is
mechanical degradation of electrode particles. A large number of articles explaining the
transport and stress behavior of lithium inside the single electrode particles have been
published. These single electrode particle models assume the electrode particles to be
homogeneous and isotropic. In this chapter, experimentally we show that numerous
internal pores or cracks are present in both the positive (Lithium cobalt oxide (LiCoO2))
and negative (graphite) electrode particles, which is consistent with previously published
data. We present a simple mathematical model to show that the presence of free surfaces,
even from small internal cracks or pores, both quantitatively and qualitatively, alters the
internal stress distributions such that particles are prone to internal cracking rather than
surface cracking that has been predicted previously.
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The fracture tendency of particles depend largely on the internal microstructure of
particles, about which little is known, rather than on the intrinsic mechanical properties of
the particle materials. The widely used shrinking core model for explaining either stress
maps or transport is questioned for particles with internal structure, which includes all
secondary electrode particles.

7.2

Introduction

Understanding mechanical degradation of electrode particles has been the subject of
intense attention among the modelers. Along with Huggins and Nix (1), several recent
theoretical studies have modeled internal stresses generated during insertion and deinsertion of Li into electrode particles (2-5). These mathematical models are used to
understand the stress behavior and predict the fracture, which is sometimes observed in
degraded electrodes (6-9). Most of these models are based on the assumption of macrohomogeneity of the electrode particles (10, 11) to predict intra-particle Li concentration
profiles and the associated stress fields. These models typically implicitly assume that
active particles are internally solid, homogeneous and flawless, and are isotropic. These
assumptions naturally lead to the shrinking core model for lithium transport between the
outside and the center of the particles. With the shrinking core model, the diffusion of
solute is radially inwards or outwards and local variations in Li concentration cause local
phase transitions, with phase boundaries separating the inner core from outer shell (11,
12). However, there is little direct experimental evidence supporting the homogeneity of
Li-ion battery electrode particles.
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In fact, for anisotropic materials such as single crystal LiFePO4 particles, it may not be
appropriate to assume the shrinking core model (10, 13-15), and it has been
experimentally shown that for this material, the shrinking core model is not valid (16,
17). At the same time, the shrinking core has been implicitly accepted as applying to
secondary particles since they are made from randomly oriented primary particles (2, 3).
The shrinking core model is valid depending on the internal micro/nano-structure of the
active electrode particles, but very little such information is available about the
micro/nano-structure. Few articles have been published on the internal structure of
material where specific Brunauer–Emmett–Teller (BET) area of graphite particles has
been measured by Joho et al, and they suggested that the existence of mesopores (2-50
nm) inside graphite particles and surface area of these mesopores contribute significantly
to the electroactive surface area and the irreversible capacity loss during the first cycle
due to SEI formation. Stephen J Harris and coworkers (General Motors R & D, Warren,
MI) took images which show a complex internal structure of electrode particles,
including what appear to be cracks, pores, and grain boundaries. These observations are
consistent with a previous study using a focused ion beam on graphite particles that also
observed internal cracks (18). With this understanding, we present simple calculations
showing that the free surfaces from even small internal mesopores substantially alter the
Li diffusion transport and the internal stress distributions. Our calculations assume
cylindrical symmetry, which is more appropriate for layered materials such as graphite
than the previously assumed spherical symmetry.
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We point out that the fracture tendency of particles may well depend more on the internal
microstructure of particles, about which little is known, than on the intrinsic mechanical
properties of their constituent materials. With this model we illustrate the importance of
including the real microstructure of electrode particles in future battery performance and
failure modeling.
7.3

Experimental procedure

Stephen J Harris and coworkers (General Motors R & D, Warren, MI) performed the
experimental part. Positive (LiCoO2) and negative (graphite) electrodes were removed
from a newly purchased LR1865AH Lishen (Tianjin, China) 3.7V 18650 laptop batteries.
High resolution scanning electron microscope (SEM) images of the deposited surface
layers and particle size measurements were obtained using a Carl Zeiss NVision 40
Crossbeam® workstation with a LEO Gemini® field emission column. A beam energy of
3kV and WD of ~ 3.5 mm was used for SEM images. Energy dispersive spectroscopy
(EDS) analysis was done using Apollo 40 SDD (EDAX Corp. Mahwah, NJ, USA)
detector and a beam energy of 15kV. For details please refer Harris et al. (19).
7.4

Results

With an EDS phosphorus map, it is observed that electrolyte salt, LiPF6 is present and it
essentially outlines the pores inside 10 micron graphite particles. With a high resolution
SEM images considerable anisotropy of the grains was observed. Also it could be
observed that the graphite particles are comprised of smaller grains resulting in grain
boundaries and pores. Similar observations were made for the LiCoO2 particles. Details
of these observations are reported in Harris et al. (19).
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Analogous data have been published previously by Zhang et al. (18), who used a focused
ion beam to expose the particle interiors. Because a focused ion beam is expected to
cause much less surface damage on a scale of microns than a microtome, their
observations of internal cracks/pores are particularly relevant here (20). However, similar
types of cracks were also observed in the investigation done here. A typical propagation
of a hairline crack and transgranular pore within a graphite particle could be observed.
Pores of different sizes were observed in the graphite particles varying from surface
defects to transgranular cracks. The presence of grain boundaries, cracks, and pores
inside electrode particles suggests that if the electrolyte has access to the interior of such
particles, then Li+ ion transport could take place by grain boundary/pore diffusion as well
as by bulk diffusion. Zhang et al. (18) observed that internal crack/pore surfaces were
coated with solid electrolyte interphase (SEI) layer, showing that electrolyte and,
therefore, lithium ions did in fact infiltrate into the particles. According to Joho’s
measurement, it is the surface area including the mesopores inside graphite particles that
correlates with Li loss due to SEI formation, not the external surface area of the particle.
Clearly, the mesopore surfaces inside these particles contribute a large portion to the total
electroactive surface.
With this understanding of the microstructure, we use analytical modeling to show that
the presence of complex internal structure can impact the amplitude and nature of the
internal stresses caused by lithium insertion and removal. For real particles, we expect
that the presence of several free surfaces at different orientations will have a profound
effect, both quantitative and qualitative, on the internal stress and strain fields as well as
on internal Li transport mechanisms.
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7.5

Analysis for diffusion induced stress (DIS)

In order to calculate how the stress field evolves during lithium insertion in a particle,
recent papers have used the analogy between thermal stresses and diffusion induced
stresses (DISs) (3, 5). In this chapter, we use a slightly different approach to model
stresses, where we take the electrode particle to be cylindrical with a coaxial pore in order
to find the impact of small internal mesopore on the stress distributions.
In our model lithium insertion occurs only from the (prismatic) edges and not from top
and bottom (basal) planes of the particle. This assumption of anisotropic particles and
anisotropic insertion provides a better model for the transport processes in layered
materials such as graphite and LiCoO2 grains than would the assumption of spherical
particles, assumed in previous work. The mesopore diameter we consider is 1% of the
(cylindrical) particle diameter, corresponding to 1x10-4 volume fraction. For an electrode
particle of 10 𝜇m diameter, the mesopore size would be 100 nm.
For our cylindrically symmetric particles, the concentration of lithium at a particular
radius can be defined with a diffusion equation in a cylindrical co-ordinate system
𝜕𝐶
𝜕𝑡

𝜕2 𝐶

1 𝜕𝐶

= 𝒟 �𝜕𝑟 2 + 𝑟 𝜕𝑟 �

(7.1)

where C is the molar concentration and D is diffusion coefficient of Li inside the
electrode particle. Let us assume that the electrode is surrounded by a constant lithium
ion concentration CR. For a cylindrical electrode particle, we assume a finite
concentration at the center where the initial lithium ion concentration inside the electrode
is C0.
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Now assume that there is a single small mesopore, coaxial with the cylinder, with radius
a. This mesopore may or may not be accessible to electrolyte. Thus, we can have
following boundary conditions for concentration conditions of diffusion equation (7.1)
i.

Solid electrode, no mesopore:
𝐶(𝑟, 0) = 𝐶0 ,

𝑓𝑜𝑟 0 ≤ 𝑟 ≤ 𝑅 ;

𝐶(0, 𝑡) = 𝑓𝑖𝑛𝑖𝑡𝑒,

𝑓𝑜𝑟 𝑡 ≥ 0 .

𝐶(𝑅, 𝑡) = 𝐶𝑅 ,

ii.

𝑓𝑜𝑟 𝑡 ≥ 0 ;

(7.2a)

Pre-existing coaxial mesopore of radius a, filled with electrolyte
𝐶(𝑟, 0) = 𝐶0 ,

𝑓𝑜𝑟 0 ≤ 𝑟 ≤ 𝑅;

𝐶(𝑎, 𝑡) = 𝐶𝑅 ,

𝑓𝑜𝑟 𝑡 ≥ 0 .

𝐶(𝑅, 𝑡) = 𝐶𝑅 ,

𝑓𝑜𝑟 𝑡 ≥ 0 ;

(7.2b)

Solving equation (7.1) with the above boundary conditions yields the concentration
profiles, from which we can model the stress evolution inside each particle. We assume
the electrodes are made from an isotropic, linearly elastic solid. Although we will find
below that this assumption cannot be used to give accurate predictions for stresses inside
a real particle, we believe that it is sufficiently good to give an estimate of the impact that
the presence of a free surface would have on the local stress field. Using the analogy
between thermal stresses (21) and DISs we can write the radial strain as
Ω

1

𝜀𝑟𝑟 − 3 𝐶 = 𝐸 (𝜎𝑟 − 𝜈(𝜎𝜃 + 𝜎𝑧 ))

(7.3)
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Similarly, the tangential strain and axial strain are defined as
Ω

1

Ω

1

𝜀𝜃𝜃 − 3 𝐶 = 𝐸 (𝜎𝜃 − 𝜈(𝜎𝑟 + 𝜎𝑧 ))

,

(7.4)

and
𝜀𝑧𝑧 − 3 𝐶 = 𝐸 (𝜎𝑧 − 𝜈(𝜎𝑟 + 𝜎𝜃 ))

.

(7.5)

Here, E is Young’s modulus of the electrode and Ω is partial molar volume of the solute.
Since atomic diffusion in solids is a much slower process than elastic deformation,
mechanical equilibrium is established on a time scale short compared to that for diffusive
processes, and we treat this as a static equilibrium problem (21).
In the absence of any body force, the equation for static mechanical equilibrium in the
bulk of a cylinder is given by
𝑑𝜎𝑟
𝑑𝑟

+

(𝜎𝑟 −𝜎𝜃 )
𝑟

=0

.

(7.6)

Let u denote the radial displacement. Strain can be given as
𝜀𝑟𝑟 =

𝑑𝑢
𝑑𝑟

, 𝜀𝜃𝜃 =

𝑢
𝑟

.

(7.7)

We will now assume that there is no stress applied in the z direction, 𝑖. 𝑒. , 𝜎𝑧 = 0. Thus

the electrode expands freely on z direction, and we have plane stress.

For a solid electrode particle, there is no displacement at the center, i.e., 𝑢(0) = 0. For an

electrode particle with a pre-existing void of radius 𝑎 at the center, the radial stress on the
free surface is zero, i.e., 𝜎𝑟 (𝑎) = 0.
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For all electrodes, we also have 𝜎𝑟 (𝑅) = 0 at r = R (radius of the cylinder). Solving
equation (7.6) using the above conditions, the radial stress distribution inside electrode
are:
Ω

1

𝑟

𝑎2

1

𝑅

𝜎𝑟 = 3 𝐸 �− 𝑟 2 ∫𝑎 𝐶(𝑟)𝑟𝑑𝑟 + 𝑅2 −𝑎2 (1 − 𝑟 2 ) ∫𝑎 𝐶(𝑟)𝑟𝑑𝑟�

(7.8)

where, when a = 0, we have the solid electrode case without pre-existing mesopores. The
dimensionless stress, radial position, time, and concentration can be represented as,
𝜉𝑗 =

𝜎𝑗
Ω
[ 𝐸(𝐶𝑅 −𝐶0 )]
3

,

𝑟

𝑥 = 𝑅,

𝒟𝑡

𝑇 = 𝑅2 ,

𝐶−𝐶0

𝑎𝑛𝑑 𝑦 = 𝐶

𝑅 −𝐶0

, respectively

(7.9)

Here, j is 𝑟, 𝜃 or z depending upon the direction of stress we are looking at.
We first determine the dimensionless concentrations at various radial positions and times
using the diffusion equation (7.1) and the 2 sets of boundary conditions, i, and ii, listed in
Equation (7.2). Then, based on the three concentration profiles, we compute radial and
tangential stresses at different radial positions as a function of time.
Effects of an internal mesopore on the concentration profiles and on the corresponding
radial stress field evolution inside particles are shown in Figures 7.1 (a), and 7.1 (b) for
the boundary conditions listed in (i), a solid electrode without any mesopore; and (ii) an
electrode with pre-existing coaxial mesopore of radius a=0.01, filled with electrolyte.
For case (i), the maximum of the radial stress is reached at the center of the cylinder, but
even a small hole at center shifts the maximum stress location away from the center.

180

When we compare Figures 7.1 (a) and 7.1 (b), we find that not only is there a shift in
magnitude and location of the radial stress peak value, but even the sign of the stress
changes. Figures 7.1 (a) and 7.1 (b) represent stress distributions for insertion of lithium
in the electrode. Opposite conclusions would hold for the de-insertion case. Thus, a large
region under compression in the homogeneous electrode during de-insertion would be in
tension in the presence of a small mesopore (a=0.01) when it is filled with electrolyte.
These effects are primarily due to the presence of free surfaces.
As with the radial stress case, the tangential stress 𝜎𝜃 and the axial stress 𝜎𝑧 also show
differences due to the presence of a mesopore, whether or not it is filled with electrolyte.

Figure 7.2 shows tangential stresses for the de-insertion case, with and without a
mesopore filled with electrolyte.
For a mesopore not accessible to the electrolyte, we find that the maximum tensile
tangential stress is at the inner surface of the mesopore and has 1.96 times higher
magnitude than the maximum stress for the electrode with no mesopore case. Our
calculations also show that the maximum tensile tangential stress has only a weak
dependence on the mesopore radius.
Following Cheng and Verbrugge (22), we calculated the bulk strain energy per unit
volume, or bulk strain energy density, W(r) accumulated as a result of the elastic
deformation for the isotropically deformed cylinder as (21)
1

𝜈

𝑊(𝑟) = 2𝐸 �𝜎𝑟2 + 𝜎𝜃2 + 𝜎𝑧2 � − 𝐸 (𝜎𝑟 𝜎𝜃 + 𝜎𝜃 𝜎𝑧 + 𝜎𝑧 𝜎𝑟 )
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(7.10)

The total bulk strain energy can be obtained by integrating the strain energy density over
the entire volume. Bulk strain energy per unit length of the wire in dimensionless form is
∏𝑏𝑢𝑙𝑘 =

𝑊𝑏𝑢𝑙𝑘
2
Ω
2
𝜋𝑅 𝐸� (𝐶𝑅 −𝐶0 )�
3

1

= ∫(𝑎�

𝑅)

[�𝜉𝑟2 + 𝜉𝜃2 + 𝜉𝑧2 � − 2𝜈(𝜉𝑟 𝜉𝜃 + 𝜉𝜃 𝜉𝑧 + 𝜉𝑧 𝜉𝑟 ) ]𝑥𝑑𝑥
(7.11)

When a = 0, we have a solid electrode, and when a > 0, we have a mesopore.
Figure 7.3 shows that for an electrode with a mesopore accessible to the electrolyte, the
peak dimensionless strain energy is a little over half when compared with homogeneous
solid electrode. The drastic change in magnitude of strain energy, demonstrate the
significant effect that even a single mesopore can have on strain energy. Based on
Griffith’s energy criterion, the large drop in strain energy caused by free surfaces could
mean a reduction in the probability of fracture for any given state of lithiation condition.
On the other hand, mesopores will also affect the fracture strength of the particle and
increase the stress intensity factor in complex ways. Thus, predictions of both particle
strength and internal particle stress levels will have to rely heavily on knowledge of the
internal microstructure of the particles for accurate results.
7.6

Discussion and conclusions

The shrinking core model, which has been widely assumed in battery analysis for
calculating transport rates and stress evolution (3-5, 10, 11, 23, 24), depends on at least
two assumptions as it is commonly applied. The first assumption is that the particles are
isotropic, at least in terms of Li-transport and modulus.
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It has been shown that the shrinking core model is not appropriate for the highly
anisotropic single crystal material LiFePO4. This same conclusion would also appear to
hold for the highly anisotropic individual grains in graphite and LiCoO2 particles. The
second assumption is that transport of Li from the exterior to the interior of electrode
particles is controlled by a single process, generally assumed to be bulk diffusion. We
believe that our observation, together with analogous results from Zhang et al. (18), also
cast doubt on the accuracy of this second assumption, for both positive and negative
electrode materials.
If 𝜉𝑚𝑎𝑥 is the yield stress for the electrode material, the stress required to fracture it when

there is a preexisting mesopore is 𝜉𝑚𝑎𝑥 /𝐾 . Here, K is the stress intensity factor which

depends upon the geometry of the mesopore and direction of applied stress, but is
typically around 2 for small holes (25). If we define the cracking tendency as the ratio of
maximum tensile stress to the yield stress, we find that during insertion the electrode with
pre-existing mesopore has at least 1.96×K ~ 4 times higher cracking tendency. Our
calculations are based on the idealized assumption that the mesopore is cylindrical in
nature, but they clearly indicate that the shrinking core model, with its isotropic electrode
assumption, would substantially underestimate the cracking tendency.
Similarly, during de-insertion, the isotropic solid electrode model predicts a compressive
tangential stress at the center of cylinder and maximum tensile tangential stress at the
surface. This indicates that the electrode has a higher cracking tendency at its surface. On
the other hand if the electrode has an electrolyte-accessible pre-existing mesopore, we
find that the tangential stress is tensile at both the outer and inner surface of the electrode
particle.
183

Depending on the stress intensity factor (K value), the cracking tendency may well be
higher at the crack tip. Such an electrode is prone to internal cracking rather than surface
cracking, contrary to the prediction of the shrinking core model.
The presence of SEI in internal mesopores shows that there are processes apart from bulk
diffusion—perhaps grain boundary/pore diffusion—by which Li+ ions can penetrate into
the particles.

The relative importance of bulk diffusion and grain boundary/pore

diffusion will depend on the particular chemistry/microstructure as well as the local state
of lithiation. For example, material swelling from lithiation could deform mesopores and
change their effectiveness as a pathway for Li+ ion transport. To the extent that grain
boundary/pore diffusion is significant, the distribution of the various lithiated phases (or
stages) within the particles will depend primarily on how the interior surfaces are
arranged and may not in general resemble a shell and core. A follow-on step could then
be bulk diffusion into individual grains, which might be fast or slow compared to other
internal transport mechanisms. Given the extreme anisotropy of the individual grains, it
is unlikely that a shrinking core model would be valid for this step either.
Zhang et al.(18) suggested that formation of SEI on interior mesopore surfaces could be
sufficiently severe to lead to battery degradation through loss of lithium. The validity of
this hypothesis depends on the amount of interior surface area accessible to the
electrolyte. Additional analysis of particle microstructure, perhaps best accomplished
with additional focused ion beam experiments, will be required to address this
suggestion.
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But whether or not the internal mesopore/grain boundary surface area is large enough to
substantially affect the amount of SEI initially or ultimately formed, our images and
analysis suggest that for particles such as those examined here: (1) the internal stress
distribution and internal transport can be calculated accurately only with knowledge of
the internal particle microstructure and (2) the core shell model does not give accurate
predictions for either.
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7.7

List of symbols
𝑟, 𝜃, 𝜑

spherical coordinates

Ωi

partial molar volume of the solute in phase ‘i’ ( 𝑚3 𝑚𝑜𝑙 −1 )

𝑟𝑖

radial location of interface form the center of particle (𝑚)

𝑅

𝜈i

radius of the spherical electrode particle (𝑚)

Poisson’s ratio of phase ‘i’

𝐸i

Young’s modulus of phase ‘i’ (𝑁 𝑚−2 )

𝜎𝑟

radial stress (𝑁 𝑚−2 )

𝑢

𝜎𝜃
𝜎

𝜎𝑠ℎ𝑒𝑎𝑟
𝜀𝑟

radial displacement (𝑚)

tangential stress (𝑁 𝑚−2 )
mean stress (𝑁 𝑚−2 )
shear stress (𝑁 𝑚−2 )
radial strain

𝜀𝜃

tangential strain

𝐶𝛼

equilibrium concentration of solute in α phase (𝑚𝑜𝑙 𝑚−3 )

𝐶(𝑟, 𝑡)

solute concentration at radius 𝑟 at time 𝑡 (𝑚𝑜𝑙 𝑚−3 )
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𝐶𝛽

𝐷𝛼
𝑡

𝑥

𝑥𝑖
𝜏

𝐶̂

𝜉𝑟

𝜉𝜃

∆𝜉𝜃 (𝑟𝑖 )
𝑒(𝑟)

𝑊𝑏𝑢𝑙𝑘
∏𝑏𝑢𝑙𝑘

∏𝑏𝑢𝑙𝑘 |𝑚𝑎𝑥
𝛾𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝐸𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒

equilibrium concentration of solute in β phase (𝑚𝑜𝑙 𝑚−3 )
diffusion coefficient of the solute in α phase (𝑚2 𝑠𝑒𝑐 −1 )
Time
dimensionless radius
dimensionless radial location of interface
dimensionless time
dimensionless concentration
dimensionless radial stress
dimensionless tangential stress
dimensionless tangential stress jump at the interface
local strain energy density (𝐽 𝑚−3 )

total strain energy stored due to bulk deformation (𝐽)
dimensionless bulk strain energy
maximum strain energy stored
surface energy (𝐽 𝑚−3 )

fracture energy (𝐽 𝑚−2 )
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Figure 7.1: Li-concentration profiles and the radial stress distribution inside the particle
subject to two different boundary conditions, (i) solid electrode particle (ii) an electrode
particle with a pre-existing pore accessible to the electrolyte
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Figure 7.2: Dimensionless tangential stress at different radial location at different time (a)
for solid homogeneous electrode, (b) for an electrode with a pre-existing pore accessible
to the electrolyte during de-insertion.
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Figure 7.3: Strain energy evolution with diffusion time for a homogeneous particle
(dotted line) and an electrode particle with a pre-existing pore accessible to the
electrolyte.
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CHAPTER 8

EFFECTS OF SOLID-ELECTROLYTE INTERPHASE (SEI) ON THE COUPLED
MECHANICAL-CHEMICAL DEGRADATION OF LITHIUM ION BATTERY
ELECTRODES
8.1

Summary

The coupled mechanical-chemical degradation of electrodes upon charging and
discharging has been recognized as a major problem in lithium ion batteries. The
instability of commonly employed electrolytes results in solid electrolyte interphase (SEI)
formation. Although SEI formation contributes to irreversible capacity loss, the SEI layer
is necessary, as it passivates the electrode-electrolyte interface from further solvent
decomposition. Due to the volume changes and the associated stresses within the SEI
layer and at the interface between the SEI layer and the underlying active electrode
materials, the SEI layer may fracture, causing the growth of SEI on the newly exposed
electrode surfaces. At the same time SEI affects the diffusion and mechanical stability of
the electrode. Recently, several groups have used a strategy of having artificial SEI layers
on electrode particles to improve performance and durability. In this chapter, through
mathematical modeling, we provide an understanding of the effects of the properties and
thickness of SEI on the stress and strain energy evolution inside an electrode particle and
within the protective SEI layer. We calculate stresses at the interface between the
electrode and the SEI. Our model can be used to help improve SEIs with desired
mechanical properties and thickness to minimize irreversible losses caused by the
coupled mechanical-chemical degradation processes.
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8.2

Introduction

Lithium ion batteries (LIBs) are known to have high energy and power density, making
them attractive for electric vehicle applications (1). However, electric vehicle
applications demand LIBs with even greater energy and power density, as well as longer
durability. Chemical and mechanical degradation of electrodes is one of the main reasons
for capacity fade in LIBs (2). The chemical degradation occurs due to the instability of
commonly used electrolytes at the operating potential, resulting in SEI formation (3, 4).
The formation of SEI consumes active material and thus causes an irreversible loss in
stored lithium. In spite of this, SEI formation is important since it passivates further
reduction of the electrolyte and thus stabilizes the system (5). Several groups are studying
SEI to unveil its formation mechanism and its mechanical and transport properties (6, 7).
Tasaki et al. (8, 9) studied in detail the major components of SEI and their solubility in
electrolytes. Electrolyte additives can be used to form a more stable SEI (10). Zhang et
al.(11) explained the effect of different possible additives on SEI stabilization. There are
also attempts to make a more stable artificial SEI layer of polymeric material such as
poly(ethylene-co-acrylic acid) and sodium carboxymethyl cellulose with methods such as
electro-painting (12). Surface modifications and surface coatings, such as metals, metal
oxides and conductive polymers are shown to improve battery performance (13).
Diffusion of lithium inside the electrode particle upon charging and discharging results in
diffusion induced stresses (DISs). DISs may result in degradation of electrode creating a
new surface exposed to the electrolyte which results in new SEI formation.
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Overcoming the mechanical degradation caused by the DISs is an important topic in
lithium ion battery (LIB) research. DISs also affect stability of the SEI layer which
determines rate of irreversible capacity loss with cycling.

For understanding the

mechanical degradation of the battery electrode, several groups (2, 14-24) have recently
modeled DISs in lithium ion battery electrodes. The diffusion of lithium through the SEI
might affect the diffusion profile and intern the stress profile inside the active core. Also,
the SEI may provide additional mechanical stability to the active core, depending upon its
mechanical properties. Most of the DIS models in the published literature did not account
for these effects of the SEI on the DISs in the electrode particle
In this chapter, we explore the relationship between DISs and the different transport and
mechanical properties of the SEI layer. An understanding of such a coupled chemical and
mechanical degradation will help reveal the ideal mechanical properties of the SEI so that
the fracture tendency of the electrode particle can be minimized. The results of this study
may be used as a guideline for making an artificial SEI layer to improve electrode
durability. Throughout this chapter “artificial SEI”, “coatings”, “stabilizing layer” are all
referred to as SEI.

8.3

Mathematical analysis:

We assume that (1) the electrode particle is a spherical particle with a SEI layer formed
uniformly around the particle (Fig. 8.1), (2) the particle and SEI are homogeneous and
isotropic in mechanical and transport properties.
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8.3.1. Mechanics:
To simplify the notion, the bulk active phase is referred to as the 𝛼 phase and the SEI
layer as SEI. Using the analogy between thermal stress and DIS, the stress-strain
relationships expressed in the spherical coordinate system for the radial and tangential
components are:
1

(𝜎𝑟 − 2𝜈𝑖 𝜎𝜃 ) + Ω𝑖 𝐶
3

1

�(1 − 𝜈𝑖 )𝜎𝜃 − 𝜈𝑖 𝜎𝑟 � + 3 Ω𝑖 𝐶

𝜀𝑟 =

𝐸𝑖

𝜀𝜃 =

𝐸𝑖

1

1

(8.1)

where Young’s modulus is 𝐸𝑖 , Poisson’s ratio is 𝜈𝑖 , the partial molar volume of the

solute is Ω𝑖 for the respective 𝛼 phase and SEI phase, molar concentration is C and the

radial and tangential stresses are represented by 𝜎𝑟 and 𝜎𝜃 . Eq. (8.1) is analogous to the
constitutive law typically used for modeling thermal stress (25, 26) and has been used for

modeling DISs (27), including stresses in battery electrodes (18, 20, 23, 28, 29). We
further assume that the elastic properties of any of the phases do not vary with the lithium
composition variation in it.
Because of the spherical symmetry, the radial and tangential strains, in the infinitesimal
formulation of deformation, can be expressed as functions of radial displacement, 𝑢, as:
𝜀𝑟𝑟 =

𝑑𝑢
𝑑𝑟

, 𝜀𝜃𝜃 =

𝑢

(8.2)

𝑟

Since atomic diffusion in solids is a much slower process than elastic deformation, the
mechanical equilibrium is established much faster than that of diffusion. The mechanical
equilibrium is, therefore, treated as a static equilibrium problem.
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In the absence of any body-force, the equation for static mechanical equilibrium in the
bulk of a sphere is given by following equation,
𝑑𝜎𝑟
𝑑𝑟

+

2(𝜎𝑟 −𝜎𝜃 )
𝑟

=0

(8.3)

The solutions of this differential equation for the case with constant 𝐸, 𝜈 and Ω, are given
by:

𝑟

Ω𝐸
2
𝐸𝐼1
𝐸
𝐼2
𝜎𝑟 = −
� 𝐶(𝑟)𝑟 2 𝑑𝑟 + �
−
�
3
(1 − 2𝜈) (1 + 𝜈) 𝑟 3
3(1 − 𝜈) 𝑟
𝑎

𝑟

𝐼2
Ω𝐸
1
Ω𝐸𝐶(𝑟)
𝐸𝐼1
𝐸
2
𝜎𝜃 =
�
𝐶(𝑟)𝑟
𝑑𝑟
−
+
�
+
�
(1 − 2𝜈) (1 + 𝜈) 𝑟 3
3(1 − 𝜈) 𝑟 3
3(1 − 𝜈)
𝑎

and the displacement 𝑢(𝑟) is given by,
1+𝜈

Ω

𝑟

𝐼

𝑢(𝑟) = �1−𝜈� 3𝑟 2 ∫𝑎 𝐶(𝑟)𝑟 2 𝑑𝑟 + 𝑟𝐼1 + 𝑟22

(8.4)

The constants 𝐼1 and 𝐼2 can be obtained from the appropriate boundary conditions for both

the 𝛼 phase and the SEI layer. Because stress and displacement are finite at 𝑟 = 0, we
have, for the 𝛼 phase within 0 ≤ 𝑟 < 𝑟𝑖 ,

𝜎𝑟 = −
𝜎𝜃 =

2𝐸𝛼
Ω𝛼 𝛼
𝐸𝛼 𝐼1𝛼
𝐶𝑎𝑣𝑔 (𝑟) +
(1 − 2𝜈𝛼 )
3(1 − 𝜈𝛼 ) 3

𝐸𝛼
Ω𝛼 𝛼
𝐸𝛼 Ω𝛼 𝐶(𝑟)
𝐸𝛼 𝐼1𝛼
𝐶𝑎𝑣𝑔 (𝑟) −
+
3(1 − 𝜈𝛼 ) 3
3(1 − 𝜈𝛼 ) (1 − 2𝜈𝛼 )
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(8.5)

𝑟

𝛼
Here, 𝐶𝑎𝑣𝑔
(𝑟) = (3/𝑟 3 ) ∫0 𝐶(𝑟′)𝑟′2 𝑑𝑟′ is the average concentration in the 𝛼 phase (0 ≤

𝑟 ≤ 𝑟𝑖 ).

For the SEI layer in the region of 𝑟𝑖 ≤ 𝑟 ≤ 𝑅, we have:
𝜎𝑟 = −
𝜎𝜃 =

2𝐸𝑆𝐸𝐼
𝑟𝑖 3 Ω𝑆𝐸𝐼 𝑆𝐸𝐼
𝐸𝑆𝐸𝐼 𝐼1𝑆𝐸𝐼
2𝐸𝑆𝐸𝐼 𝐼2𝑆𝐸𝐼
�1 − � � �
𝐶𝑎𝑣𝑔 (𝑟) + �
−
�
(1 − 2𝜈𝑆𝐸𝐼 ) (1 + 𝜈𝑆𝐸𝐼 ) 𝑟 3
3(1 − 𝜈𝑆𝐸𝐼 )
𝑟
3

𝐸𝑆𝐸𝐼
𝑟𝑖 3 Ω𝑆𝐸𝐼 𝑆𝐸𝐼
𝐸𝑆𝐸𝐼 Ω𝑆𝐸𝐼 𝐶(𝑟)
�1 − � � �
𝐶𝑎𝑣𝑔 (𝑟) −
3(1 − 𝜈𝑆𝐸𝐼 )
𝑟
3
3(1 − 𝜈𝑆𝐸𝐼 )
+�

𝐸𝑆𝐸𝐼 𝐼1𝑆𝐸𝐼
𝐸𝑆𝐸𝐼 𝐼2𝑆𝐸𝐼
+
�
(1 − 2𝜈𝑆𝐸𝐼 ) (1 + 𝜈𝑆𝐸𝐼 ) 𝑟 3

(8.6)

𝑟

𝛼
Here, 𝐶𝑎𝑣𝑔
(𝑟) = (3/(𝑟 3 − 𝑟𝑖3 )) ∫0 𝐶(𝑟′)𝑟′2 𝑑𝑟′ is the average concentration in the SEI

layer (𝑟𝑖 ≤ 𝑟 ≤ 𝑅)

Without considering the effects of surface energy and surface stresses, the normal stress
at the free surface of the spherical particle is 𝜎𝑟 (𝑅) = 0. Since the normal component of
stresses and displacements are continuous at the interface between the 𝛼 phase and SEI

layer, 𝜎𝑟 (𝑟𝑖𝛼 ) = 𝜎𝑟 �𝑟𝑖𝑆𝐸𝐼 � and 𝑢(𝑟𝑖𝛼 ) = 𝑢�𝑟𝑖𝑆𝐸𝐼 �, we can solve for constants 𝐼1𝑆𝐸𝐼 , 𝐼2𝑆𝐸𝐼
and 𝐼1𝛼 ,

𝐼1𝛼 = −

2𝐸𝑆𝐸𝐼 (1 − 2𝜈𝛼 ) 3𝑡 𝐼2𝑆𝐸𝐼 2Ω𝑆𝐸𝐼 𝐸𝑆𝐸𝐼 (1 − 2𝜈𝛼 ) 3𝑡 𝛼
+
𝐶 (𝑅)
𝐸𝛼 (1 − 𝜈𝑆𝐸𝐼 ) 𝑅 𝑟𝑖3
9𝐸𝛽 (1 − 𝜈𝑆𝐸𝐼 )
𝑅 𝑎𝑣𝑔
+

2Ω𝛼 (1 − 2𝜈𝛼 )
3𝑡 𝛼
�1 − � 𝐶𝑎𝑣𝑔
(𝑟𝑖 )
3(1 − 𝜈𝛼 )
𝑅
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𝐼1𝑆𝐸𝐼 = 2

𝐼2𝑆𝐸𝐼

(1 − 2𝜈𝛼 ) 𝐸𝑆𝐸𝐼 𝐼2𝑆𝐸𝐼 2(1 − 2𝜈𝑆𝐸𝐼 ) 3𝑡 Ω𝑆𝐸𝐼 𝑆𝐸𝐼
+
𝐶 (𝑅)
(1 + 𝜈𝑆𝐸𝐼 ) 𝐸𝛼 𝑅 3
3(1 − 𝜈𝑆𝐸𝐼 ) 𝑅 3 𝑎𝑣𝑔

2 (1 − 2𝜈𝛼 )𝐸𝑆𝐸𝐼 (1 − 2𝜈𝑆𝐸𝐼 ) 3𝑡 Ω𝑆𝐸𝐼 𝑆𝐸𝐼
Ω𝛼� 𝛼
3 𝐶𝑎𝑣𝑔 (𝑟𝑖 )
3 � (1 − 𝜈𝑆𝐸𝐼 )𝐸𝛼 − (1 − 𝜈𝑆𝐸𝐼 ) � 𝑅 3 𝐶𝑎𝑣𝑔 (𝑅) +

𝑟𝑖3

=

1+2

(1 − 2𝜈𝛼 )𝐸𝑆𝐸𝐼 3𝑡
(1 − 2𝜈𝑆𝐸𝐼 )
3𝑡
+
2
�1 − 𝑅 �
(1 + 𝜈𝑆𝐸𝐼 )
(1 + 𝜈𝑠𝑒𝑖 )𝐸𝛼 𝑅

(8.7)

Here, 𝑡 is the thickness of the SEI layer. We used the assumption that 𝑡 ≪ 𝑅 and thus the
higher order terms of �𝑡�𝑅 � were neglected.

As an example, we calculate the concentration profiles for a specific case of deinsertion
using a spherical shell model.
8.3.2.

Diffusion in a spherical core-shell:

Fickian diffusion of a solute in 𝛼-phase core, 0 ≤ 𝑟 < 𝑟𝑖
𝜕𝐶 𝛼
𝜕𝑇

=

𝒟𝛼
𝑟2

𝜕

�𝜕𝑟 �𝑟 2

𝜕𝐶 𝛼
𝜕𝑟

��

(8.8)

Within the SEI, ri < r < R
𝜕𝐶 𝑆𝐸𝐼
𝜕𝑇

=

𝒟𝑆𝐸𝐼
𝑟2

𝜕

�𝜕𝑟 �𝑟 2

𝜕𝐶 𝑆𝐸𝐼
𝜕𝑟

��

(8.9)

The concentration at the surface of the SEI is denoted as 𝐶𝑅 , and 𝐶0𝛼 and 𝐶0𝑆𝐸𝐼 are the

concentrations of solute in the two phases when they are equilibrated.

At the interface (r = ri) between the shell and the core, we assume equilibrium prevails
and the flux is conserved
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𝑐 𝛼 = 𝐾𝑐 𝑆𝐸𝐼 and

𝒟𝛼

𝜕𝐶 𝛼
𝜕𝑟

= 𝒟𝑆𝐸𝐼

𝜕𝐶 𝑆𝐸𝐼

(8.9a)

𝜕𝑟

Let’s consider a case of delithiation. We may assume, initially, T = 0, and both phases are
equilibrated
𝑐 𝑆𝐸𝐼 = 𝑐0𝑆𝐸𝐼

𝑐 𝛼 = 𝐾𝑐0𝑆𝐸𝐼

(8.9b)

At the particle surface r = R, the concentration is set
𝑐 𝑆𝐸𝐼 = 𝑐𝑅

(8.9c)

The solution is well behaved at the center of the particle r = 0
𝜕𝑐 𝛼
𝜕𝑟

=0

(8.9d)

Equation 8.9 can be made dimensionless with the following:

𝑥=

𝐷𝛼 𝑇
𝑟
, 𝜏= 2 ,
𝑅
𝑅

𝑦=

𝐶
,
𝐾𝐶0𝑆𝐸𝐼

Within the α-phase core, 0 < x < xi
𝜕𝑦 𝛼
𝜕𝜏

=

𝜕2 𝑦 𝛼

𝜉=

𝐷𝑆𝐸𝐼
𝐷𝛼

2 𝜕𝑦 𝛼

+𝑥

𝜕𝑥 2

(8.10)

𝜕𝑥

Within the SEI, xi < x < 1
𝜕𝑦 𝑆𝐸𝐼
𝜕𝜏

𝜕2 𝑦𝑆𝐸𝐼

= 𝜉�

𝜕𝑥 2

2 𝜕𝑦 𝑆𝐸𝐼

+𝑥

𝜕𝑟

�

(8.11)
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At the interface x = xi
𝑦 𝛼 = 𝐾𝑦 𝑆𝐸𝐼
𝜕𝑦 𝛼
𝜕𝑥

=𝜉

𝜕𝑦 𝑆𝐸𝐼

(8.11a)

𝜕𝑥

Initially, 𝜏 = 0
𝑦 𝑆𝐸𝐼 (0, 𝑥𝑖 < 𝑥 < 1) =
𝑦 𝛼 (0,0 < 𝑥 < 𝑥𝑖 ) = 1

1
𝐾

(8.11b)

At the particle surface x = 1, the concentration is set
𝐶

𝑅
𝑦 𝑆𝐸𝐼 (𝜏 > 0,1) = 𝐾𝐶 𝑆𝐸𝐼
= 𝑦𝑅𝑆𝐸𝐼

(8.11c)

0

The solution is well behaved at the center of the particle x = 0
𝜕𝑦 𝛼
𝜕𝑥

(𝜏, 0) = 0

(8.11d)

We solve this set of differential equation in three different ways.
a.

Approximate solution:

Approximate solution methods for modeling diffusion in electrodes are useful in battery
models to facilitate a one dimensional solution, and this provides computational
advantages over the exact solution. The starting point in these approximations is a
simplified expression for the concentration profile inside the spherical shell (30)
𝑦 𝑆𝐸𝐼 (𝜏, 𝑥𝑖 < 𝑥 < 1) =

0 (𝜏)
𝑦𝑆𝐸𝐼

𝑥

1 (𝜏)
+ 𝑦𝑆𝐸𝐼

(8.12)
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𝑦 0 (𝜏) and 𝑦 1 (𝜏) are two unknowns and are functions of dimensionless time 𝜏 .
With the boundary conditions (8.11b) and (8.11c) we get,

0 (𝜏)
𝑦𝑆𝐸𝐼
1 (𝜏)
𝑦𝑆𝐸𝐼

𝑥𝑖 𝑦 𝛼 (𝜏, 𝑥𝑖 )
�
− 𝑦𝑅𝑆𝐸𝐼 �
=
𝑘
1 − 𝑥𝑖

𝑦 𝛼 (𝜏, 𝑥𝑖 )
1
𝑦 𝛼 (𝜏, 𝑥𝑖 )
1
𝑥𝑖 𝑦 𝛼 (𝜏, 𝑥𝑖 )
𝑆𝐸𝐼
=
−
�
− 𝑦𝑅 � = −
�
+ 𝑦𝑅𝑆𝐸𝐼 �
1 − 𝑥𝑖
1 − 𝑥𝑖
𝑘
𝑘
𝑘

With these, we get the concentration profile in the SEI as,

𝑦 𝑆𝐸𝐼 (𝜏, 𝑥) =

1 1
𝑥𝑖
𝑦 𝛼 (𝜏, 𝑥𝑖 )
𝑦 𝛼 (𝜏, 𝑥𝑖 )
+ � − ��
��
− 𝑦𝑅𝑆𝐸𝐼 �
𝑘
𝑘
𝑥 𝑥𝑖 1 − 𝑥𝑖

The interface condition for the α phase diffusion (Eq. 8.11b) now becomes a mixed
boundary condition
𝜕𝑦 𝛼
𝜕𝑥

(𝑥𝑖 ) =

𝜉 𝜕𝑦 𝑆𝐸𝐼

𝛿

𝜕𝑧

𝜉

1

= − 𝑥 (1−𝑥 ) 𝐾 [𝑦 𝛼 (𝜏, 𝑥𝑖 ) − 𝐾𝑦𝑅𝑆𝐸𝐼 ]
𝑖

𝑖

(8.13)

With this condition, the diffusion equation (8.10) for the α phase can be directly solved to
get concentration profile for both the phases. We use MATLAB partial differential
equation solver ‘pdepe’ to solve equation (8.10) with condition (8.11d) and (8.13).
b.

Linear perturbation analysis

We now assume that the appropriate characteristic length for the SEI is the SEI thickness,
𝑅 − 𝑟𝑖 is, just as concentrations are scaled so as to be of order unity, the concentration
gradients will also be of order unity for the majority of the diffusion process when the
appropriate length scale for each region is employed in scaling.
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Thus, we define;
𝑟−𝑟

𝑅

𝑧 = 𝑅−𝑟𝑖 = 𝑅−𝑟 (𝑥 − 𝑥𝑖 ) =
𝑖

𝑖

𝑥−𝑥𝑖

(8.14)

𝛿

where 𝛿 = (R - ri)/R. Then
𝑥 = 𝑥𝑖 + 𝛿𝑧

(8.15)

Within the SEI, 0 < z < 1
𝛿2

𝜕𝑦 𝑆𝐸𝐼
𝜕𝜏

𝜕2 𝑦 𝑆𝐸𝐼

= 𝜉�

𝜕𝑧 2

+

2(𝛿 ⁄𝑥𝑖 ) 𝜕𝑦 𝑆𝐸𝐼
�
1+𝑧(𝛿 ⁄𝑥𝑖 ) 𝜕𝑧

(8.16)

We have assumed that for the duration of interest, all gradients have been scaled so as to
be of order unity. In addition, we assume 𝛿 is an order unity quantity. Upon expanding
the above equation about small 𝛿, we obtain

𝜕 2 𝑦 𝑆𝐸𝐼
𝜕𝑦 𝑆𝐸𝐼
𝜕𝑦 𝑆𝐸𝐼
2
𝛿
= 𝜉�
+ 2(𝛿 ⁄𝑥𝑖 )[1 − 𝑧(𝛿 ⁄𝑥𝑖 ) + 𝑂(𝛿) ]
�
𝜕𝜏
𝜕𝑧 2
𝜕𝑧
2

𝑧 2
𝜕𝑦 𝑆𝐸𝐼
𝜕 2 𝑦 𝑆𝐸𝐼 2
3
+ �𝛿 − 𝛿 + 𝑂(𝛿) �
�
= 𝜉�
𝑥𝑖
𝑥𝑖
𝜕𝑧 2
𝜕𝑧

𝜕 2 𝑦 𝑆𝐸𝐼 2 𝜕𝑦 𝑆𝐸𝐼
𝜕𝑦 𝑆𝐸𝐼
2 𝑧 2
𝜕𝑦 𝑆𝐸𝐼
2
3
𝜉�
+
𝛿
�
=
𝛿
+
𝜉
�
�
𝛿
−
𝑂(𝛿)
�
�
𝜕𝑧 2
𝑥𝑖
𝜕𝑧
𝜕𝜏
𝑥𝑖 𝑥𝑖
𝜕𝑧
𝜕 2 𝑦 𝑆𝐸𝐼 2 𝜕𝑦 𝑆𝐸𝐼
𝜉�
+ 𝛿
� = 0 + 𝑂(𝛿)2
𝜕𝑧 2
𝑥𝑖
𝜕𝑧

We shall drop terms of 𝑂(𝛿)2 and higher order in 𝛿, which leaves
𝜕2 𝑦 𝑆𝐸𝐼
𝜕𝑧 2

2

+𝑥 𝛿
𝑖

𝜕𝑦 𝑆𝐸𝐼
𝜕𝑧

=0

(8.17)
204

At the interface x = xi between the SEI and the core
𝑦 𝛼 = 𝐾𝑦 𝑆𝐸𝐼
𝜕𝑦 𝛼
𝜕𝑥

=𝜉

𝜕𝑦 𝑆𝐸𝐼
𝜕𝑥

or

𝜕𝑦 𝛼
𝜕𝑥

𝜉 𝜕𝑦 𝑆𝐸𝐼

=𝛿

(8.18)

𝜕𝑧

At the particle surface x = 1, the concentration is set
𝐶

𝑅
𝑦 𝑆𝐸𝐼 (𝜏 > 0,1) = 𝐾𝐶 𝑆𝐸𝐼
= 𝑦𝑅𝑆𝐸𝐼

(8.19)

0

With these conditions, solving Eq. 8.15 we get, at the interface,

𝑦 𝑆𝐸𝐼 (𝑥𝑖 ) =

𝑦𝛼 �𝑥𝑖 �
𝑐𝑅
�1−𝑒 −(2𝛿⁄𝑥𝑖 )𝑧 �𝑒 (2𝛿⁄𝑥𝑖 )
�1−𝑒 �2𝛿⁄𝑥𝑖 �(1−𝑧) �− 𝑆𝐸𝐼
𝐾
𝐾𝑐0
�1−𝑒 2𝛿⁄𝑥𝑖 �

(8.20)

The interface condition for the α phase diffusion now becomes a mixed boundary
condition
𝜕𝑦 𝛼
𝜕𝑥

(𝑥𝑖 ) =

𝜉 𝜕𝑦 𝑆𝐸𝐼

𝛿

𝜕𝑧

=

2𝜉

𝑒 2𝛿⁄𝑥𝑖

1

𝑥𝑖 �1−𝑒 2𝛿⁄𝑥𝑖 � 𝐾

𝑐

𝑅
�𝑦 𝛼 (𝑥𝑖 ) − 𝑐 𝑆𝐸𝐼
�
0

(8.21)

With this condition, the diffusion equation (8.10) for the α phase can be directly solved to
get the concentration profile for both the phases. We use MATLAB partial differential
equation solver ‘pdepe’ to solve equation (8.10) with condition (8.11d) and (8.21).
c.

The COMSOL solution

The COMSOL multiphysics package can solve the coupled differential equations. To test
the validity of the approximate solution, we solve the governing set of coupled diffusion
equations with the ‘transport of diluted species’ module in the ‘time dependent’ mode in
COMSOL, and compare the approximate solution with it.
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Free tetrahedral mesh is used with ‘fine’ meshing size with physics controlled mode. This
setting allows us to use mesh size of the shell and core according to their relative size and
thus can be used for really thin shells.
We plot concentration at the interface of the shell side at any arbitrary time (𝜏 = 0.4) for

different thickness of the SEI for solutions obtained by all the three methods mentioned
above (Figure 8.2a). From Figure 8.2a, we find that for thinner SEI, approximate solution

and a linear perturbation analysis agree well with the COMSOL solution. These solutions
deviate from the COMSOL solution as the relative SEI thickness (𝑡⁄𝑅 ) increases to

greater than 0.01. To check the validity of the solutions at very short time, we plot the
concentration at the interface as a function of time (for very short time) for a relative

thickness 𝑡⁄𝑅 = 0.005 with all the three methods and find that all the three solutions

match very well with each other at this small thickness (Figure 8.2b). Thus the solutions
are valid if the thickness of the shell is small enough.
8.4

Results and discussion

We transform stresses to dimensionless form as follows
𝜎�𝑖 =

𝜎𝑖

Ωα 𝐾𝐶0𝑆𝐸𝐼 𝐸𝛼
3
(1 − 𝜈𝛼 )

Here, ‘i’ represents direction 𝑟, 𝜃, or 𝜑. We plot dimensionless stresses 𝜎�𝑖 at different
radial locations (𝑥) and dimensionless times (𝜏) for a core-shell, spherical electrode

particle in Figures 8.3 & 8.4. We assume that the expansion coefficient of the SEI is
negligible as compared to the expansion coefficient of the active material.
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Figure 8.3 shows the radial stress distribution in the active material in the presence of the
SEI surrounding the electrode particle. Here, as an example we assume the SEI thickness
to be 1% of the particle radius �𝑡�𝑅 = 0.01�

and the SEI has the same Young’s

modulus (𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 = 1) and diffusion coefficient (𝜉 = 𝐷𝑆𝐸𝐼 ⁄𝐷𝛼 = 1) as the active core.

We also assume the equilibrium concentration of the SEI to be the same as the
equilibrium concentration of the active material (𝐾 = 𝐶0𝛼 ⁄𝐶0𝑆𝐸𝐼 = 1). We compare

stresses for these particles-SEI core-shell structure with the previously obtained results
for a spherical electrode particle without consideration of presence of the SEI (20). We
find that, the maximum radial tensile stress is reached during insertion at the center of the
particle but the magnitude of the maximum stress changes due to presence of the SEI.
The radial stress in the SEI shell is always compressive during insertion. The final state
of stress in the electrode particle is compressed state since the SEI layer constrains the
expansion of active core part.
In Figure 8.4, we plot the tangential stress as a function of radial location and time during
lithium removal. We find that, there is a sharp jump in the tangential stress at the
interface of the SEI and the active electrode particle. We find the tangential stress reaches
a maximum at the surface of the particle when the lithium removal is just started. When
we compare the maximum tensile tangential stress at the core side of the interface with
the results of a model of a spherical particle without any consideration of presence of SEI
(20), we find presence of SEI in general decreases the maximum stress.
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In Figure 8.5, we plot the variation of maximum tangential stress during de-insertion with
the thickness of the SEI. As the thickness of the SEI increases, the maximum tangential
stress in the core as well as the shell decreases.
Here we plot the variation of maximum stress for different values of equilibrium
concentration ratio 𝐾. We find that, as the value of 𝐾 increases, the maximum tangential

stress on the core side decreases. The relative thickness �𝑡�𝑅 � of the SEI can be increased
by either increasing the SEI thickness (𝑡) or by decreasing the particle radius (𝑅).

Similar trends are observed for radial stress dependence on SEI thickness i.e. as the SEI
thickness increases, maximum radial stress at the center decreases (not shown here).
Next, we fix the thickness of the SEI to 1% of the total radius of the particle and vary the
stiffness of the SEI relative to the active core modulus. We maintain the other properties
the same as before, i.e., 𝐷𝑆𝐸𝐼 ⁄𝐷𝛼 = 1, 𝐶0𝛼 ⁄𝐶0𝑆𝐸𝐼 = 1 . Figure 8.6 plots the variation in the

maximum radial stress during insertion as a function of relative stiffness of SEI 𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 .
As the value of 𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 increases, the maximum radial stress during insertion decreases.

This is intuitively understandable since the stiffer SEI will impose more opposition to
expansion, which would lead to an increase in the compressive stress and thus a decrease
in the overall tensile stress.
Similarly, Figure 8.7 plots the variation in the maximum tangential stress during deinsertion as a function of the relative stiffness of the SEI 𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 . As the value of
𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 increases, the maximum tangential stress in the core region during de-insertion

decreases. We plot the variation of the maximum tensile tangential stress with different

values of 𝜉, i.e., 𝐷𝑆𝐸𝐼 ⁄𝐷𝛼 . We find that as the diffusion coefficient of the SEI decreases,
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the maximum stress in the core also decreases. This might be attributed to the lower
concentration gradients in the active core due to the relatively slower diffusion in the SEI
shell, thus in effect decreasing the electrochemical Biot number.
The magnitude of maximum tangential stresses (tensile) in the shell region, in fact,
increases with increase in the stiffness of the SEI layer. However, with increase in the
stiffness of the SEI shell, the strength of the shell also changes.
In terms of the stress criteria, the Griffith toughness of model I crack is related to the
theoretical strength, which is the stress required to pull apart two planes in a perfect solid
(31). Using the theoretical strength, we have
𝜎𝑚𝑎𝑥 = �𝐸𝛾 ⁄𝑎0

(8.22)

Hence, we define the fracture tendency as the ratio of maximum stress and the theoretical
strength of the shell material. In Figure 8.8, we plot the fracture tendency of the SEI as a
function of the stiffness of the SEI. We observe that the fracture tendency of the shell
decreases with increase in SEI stiffness.

𝐹𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑡𝑒𝑛𝑑𝑎𝑛𝑐𝑦 ∝

𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑠𝑡𝑟𝑒𝑠𝑠
𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ

In general, an increase in stiffness and thickness of the SEI would decrease the maximum
tensile stress the material experiences during either lithiation or de-lithiation. Also,
decreasing the diffusion coefficient of the SEI decreases the maximum value of the
tensile stress during either lithiation or de-lithiation.
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8.5

Strain energy calculations

Following Cheng and Verbrugge (22, 28), we calculate the bulk strain energy per unit
volume, or the bulk strain energy density, e(r), accumulated as a result of the elastic
deformation for the isotropically deformed sphere as (26)
1

𝜈

𝑒(𝑟) = 2𝐸 �𝜎𝑟2 + 2𝜎𝜃2 � − 𝐸 (2𝜎𝑟 𝜎𝜃 + 𝜎𝜃2 ) .

(8.23)

The total bulk strain energy can be obtained by integrating the strain energy density over
the entire volume.
In the core-shell model, the total bulk energy is the sum of strain energies in both the
phases. The bulk strain energy of such an electrode particle in dimensionless form is

П𝑏𝑢𝑙𝑘 =
1

∫�𝑟𝑖�

𝑅�

𝑊𝑏𝑢𝑙𝑘

2
𝐶𝛼
Ω
0 �
2𝜋𝑅 3 𝐸𝛼 � 𝛼 (1−𝜈
)
3
𝛼

𝐸𝑆𝐸𝐼
𝐸𝛼

𝑟
� 𝑖�𝑅 �

= ∫0

��𝜉𝑟2 + 2𝜉𝜃2 � − 2𝜈𝛼 𝜉𝜃 (2𝜉𝑟 + 𝜉𝜃 )�𝑥 2 𝑑𝑥 +

��𝜉𝑟2 + 2𝜉𝜃2 � − 2𝜈𝑆𝐸𝐼 𝜉𝜃 (2𝜉𝑟 + 𝜉𝜃 )�𝑥 2 𝑑𝑥

(8.24)

When we plot (Figure 8.9) the strain energy versus time, we observe that the strain
energy increases initially, reaches a peak value, and then decreases A finite amount of
energy is stored in the particle at the end of lithiation since the final state of the particle is
not stress-free after complete lithiation. The stored strain energy may transform to surface
energy by fracture; hence, strain energy can drive crack propagation The energy stored in
the particle at the end of previous lithiation might lead to detrimental effects since there is
large tangential stress at the start of lithiation. In Figure 8.10 & 8.11, we plot the variation
of maximum strain energy as a function of SEI thickness and SEI stiffness.
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We see that the maximum strain energy does not change much. However, the energy
stored at the end of lithiation increases more rapidly with an increase in either SEI
thickness or SEI stiffness. Also from Figure 8.11, we observe that if the SEI layer has
very high relative stiffness, the strain energy stored at the end of lithiation is the
maximum strain energy stored by the particle during the process of lithiation.
Thus, considering strain energy stored as a driving force for fracture, there should be a
limit for the stiffness and thickness of the SEI to minimize the fracture tendency of the
particle.
8.6

Conclusions

We developed a model for that couples mechanical and chemical degradation of electrode
particle. Diffusion-induced stresses in insertion electrodes are affected by the properties
of the SEI such as thickness, stiffness, diffusion coefficient, and equilibrium
concentration. This model follows the convention of assuming the electrode particle to be
an homogeneous isotropic particle. Under such an assumption we show the following:
1. Effect on stresses:
•

The radial stress (tensile) during lithiation and tangential stress (tensile)
during delithiation decreases due to presence of the SEI.

•

The SEI constrains the expansion of the active electrode particle on lithiation.
Hence, the active core is under compression at the end of lithiation.

•

There is discontinuity in tangential stress across the interface between the SEI
and the active electrode particle.
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•

The maximum radial stress (tensile) during lithiation and tangential stress
(tensile) during de-lithiation decreases lineally with an increase in stiffness or
thickness of the SEI.

•

The maximum radial stress (tensile) during lithiation and tangential stress
(tensile) during de-lithiation decreases with decrease in diffusion coefficient
or equilibrium concentration of solute in the SEI.

•

The fracture tendency in terms of stresses in the SEI layer also decreases with
an increase in either stiffness or thickness of the SEI layer.

Thus, a stiffer and thicker SEI can be helpful in decreasing the overall stresses of the
electrode particle.
The SEI thickness can be increased by increasing the thickness of the coating or for
by decreasing the size of the electrode particles and thus increasing the dimensionless
thickness 𝑡�𝑅 .

2. Effects on strain energy:
•

Maximum strain energy and strain energy at the end of lithiation are affected
by the properties of SEI

•

There is small increase in maximum stress energy with increasing stiffness.

•

The strain energy stored at the end of lithiation increases rapidly with an
increase in either thickness or stiffness of the SEI. This might be detrimental
since strain energy stored could be relieved by creating new fracture surfaces
and resulting in cracking of the particle.

Hence, the stiffness or thickness of the SEI should be optimized taking into account
both the stress and the strain energy.
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Although actual electrode particles may not be homogeneous and isotropic(24), the
model developed in this work can provide semi-quantitative predictions about the stresses
and their behavior for various electrode/SEI systems.
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8.7

List of symbols
𝑟, 𝜃, 𝜑

spherical coordinates

Ωi

partial molar volume of the solute in phase ‘i’ (𝑚3 ⁄𝑚𝑜𝑙 )

𝑡

thickness of SEI

𝑅

radius of the spherical electrode particle (𝑚)

𝑟𝑖

radial location of interface between active core and SEI form the

𝜈i

Poisson’s ratio of phase ‘i’

center of particle (𝑚)

𝐸i

Young’s modulus of phase ‘i’ (𝑁/𝑚2 )

𝜎𝑟

radial stress (𝑁/𝑚2 )

𝑢

𝜎𝜃

𝜎𝑠ℎ𝑒𝑎𝑟
𝜀𝑟𝑟

radial displacement (𝑚)

tangential stress (𝑁/𝑚2 )
shear stress (𝑁/𝑚2 )
radial strain

𝜀𝜃𝜃

tangential strain

𝐶0𝑆𝐸𝐼

equilibrium concentration of solute in SEI layer (𝑚𝑜𝑙/𝑚3 )

𝐶(𝑟, 𝑡)

solute concentration at radius 𝑟 at time 𝑡 (𝑚𝑜𝑙/𝑚3 )
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𝐶0𝛼

initial concentration of solute in active core phase (𝑚𝑜𝑙/𝑚3 )

𝐶𝑅

concentration of the solute on the particle surface (𝑚𝑜𝑙/𝑚3 )

𝐾

𝒟𝑆𝐸𝐼
𝐷𝛼
𝑇
𝑥

𝑥𝑖
𝜏

ratio of equilibrium concentrations at the interface 𝐶0𝛼 ⁄𝐶0𝑆𝐸𝐼

diffusion coefficient of the solute in SEI phase (𝑚2 ⁄𝑠𝑒𝑐 )
diffusion coefficient of the solute in α phase (𝑚2 ⁄𝑠𝑒𝑐 )
time
dimensionless radius
dimensionless radial location of interface
dimensionless time

𝑦

dimensionless concentration

𝜉𝜃

dimensionless tangential stress

𝜉𝑖

e(r)
𝑊𝑏𝑢𝑙𝑘
∏𝑏𝑢𝑙𝑘

∏𝑏𝑢𝑙𝑘 |𝑚𝑎𝑥

dimensionless stress in 𝑖 direction

local strain energy density (𝐽/𝑚3 )
total strain energy stored due to bulk deformation (J)
dimensionless bulk strain energy
maximum dimensionless strain energy stored
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Figure 8.1: A schematic diagram indicating that, initially, before lithiation particle/ SEI
layer makes a shell surrounding the active material core.
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Figure 8.2: a. A plot showing the interface concentration (shell side) of the solute during
de-insertion at a time 𝜏 = 0.4 for different SEI thicknesses calculated using COMSOL,
approximate solution and pseudo steady solution
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Figure 8.2: b. A plot showing the interface concentration (shell side) of the solute during
de-insertion as a function of time for different SEI thicknesses calculated using
COMSOL, approximate solution and pseudo steady solution
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Figure 8.3: A plot of the radial stress during lithiation inside an electrode particle at
different radial locations at different times in presence of SEI
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Figure 8.4: A plot of the tangential stress during de-lithiation inside an electrode particle
at radial locations and times in presence of SEI. There is a jump in the stress at the
interface between SEI and active core.
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Figure 8.5: A plot of the maximum tangential stress inside an electrode particle during
delithiation as a function of change in SEI thickness for different values of relative
equilibrium concentration of SEI (K) with 𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 = 1 and 𝜉 = 𝐷𝑆𝐸𝐼 ⁄𝐷𝛼 = 1.
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Figure 8.6: A plot of the maximum radial stress inside an electrode particle during
lithiation as a function of change in SEI stiffness with 𝑡⁄𝑅 = 0.01.
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Figure 8.7: A plot of the maximum tangential stress inside an active core part of the
electrode particle during delithiation as a function of change in SEI stiffness for different
values of relative diffusion coefficient of SEI (𝜉) with 𝑡⁄𝑅 = 0.01 and 𝐶0𝛼 ⁄𝐶0𝑆𝐸𝐼 = 1.
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Figure 8.8: A plot of the fracture tendency inside SEI layer part of the electrode particle
during lithiation as a function of change in SEI stiffness with 𝑡⁄𝑅 = 0.01, 𝐶0𝛼 ⁄𝐶0𝑆𝐸𝐼 = 1
and 𝐷𝑆𝐸𝐼 ⁄𝐷𝛼 = 1.
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Figure 8.9: Variation of dimensionless strain energy stored with time during lithiation in
presence of SEI. We assumed thickness 𝑡⁄𝑅 = 0.01, 𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 = 1, 𝐶0𝛼 ⁄𝐶0𝑆𝐸𝐼 = 1 and
𝐷𝑆𝐸𝐼 ⁄𝐷𝛼 = 1.
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Figure 8.10: A plot of peak strain energy variation with different values of relative
thickness (𝑡⁄𝑅 ) of SEI (dotted red line). Also, a plot of strain energy stored at the end of
lithiation variation with different values of relative thickness (𝑡⁄𝑅 ) of SEI (blue line).
We assume 𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 = 1, 𝐶0𝛼 ⁄𝐶0𝑆𝐸𝐼 = 1 and 𝐷𝑆𝐸𝐼 ⁄𝐷𝛼 = 1.
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Figure 8.11: A plot of peak strain energy variation with different values of relative
stiffness ( 𝐸𝑆𝐸𝐼 ⁄𝐸𝛼 ) of SEI (dotted red line). Also, a plot of strain energy stored at the
end of lithiation variation with different values of relative thickness (𝑡⁄𝑅 ) of SEI (blue
line). We assume 𝑡⁄𝑅 = 0.01, 𝐶0𝛼 ⁄𝐶0𝑆𝐸𝐼 = 1 and 𝐷𝑆𝐸𝐼 ⁄𝐷𝛼 = 1.
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CHAPTER 9

BATTERY CYCLE LIFE PREDICTION WITH COUPLED CHEMICAL
DEGRADATION AND FATIGUE MECHANICS
9.1

Summary

The coupled mechanical-chemical degradation of electrodes upon electrochemical
cycling has been recognized as a major reason of capacity fading in lithium ion batteries.
The instability of commonly employed electrolytes at the operating potentials results in
electrolyte reduction on the negative electrode surface, thus a solid electrolyte interphase
(SEI) is formed. Although the SEI layer is necessary, as it passivates the electrodeelectrolyte interface from further solvent decomposition, the SEI formation contributes to
the irreversible capacity loss. The SEI formation results in capacity loss due to the
chemical degradation. Lithium diffusion in the electrode particles results in ‘diffusion
induced stresses’ (DISs). DISs may lead to the mechanical degradation thus resulting in
capacity loss due to electrode cracking, fracture, pulverization or structural changes. In
this chapter, with experimental evidence, we propose a model explaining a loss of active
lithium from the system as a major mechanism of capacity fading of the commercial
lithium iron phosphate (LiFePO4) lithium ion battery. The pre-existing cracks on the
electrode surface grow gradually upon cycling due to the DISs, causing the formation of
a new SEI on the newly exposed electrode surfaces. Because lithium is consumed in SEI
formation, the irreversible capacity loss continues with cycling. Along with the new SEI
formation, growth in thickness of the existing SEI with time results in additional loss of
active material.
232

In this study, we provide a simple mathematical model, which uses Paris’ law
formulation from fatigue mechanics in combination with chemical degradation to predict
the capacity fading for LiFePO4 lithium ion batteries. We compare the predicted
capacities at different cycle number at different operating temperatures with the
experimental data of A123 batteries.
9.2

Introduction

With the potential use of lithium ion batteries for the propulsion purpose in automobile
industry, the cycle life prediction of the commercial lithium ion batteries has become of
utmost importance. Battery capacity decays upon electrochemical cycling as a result of
several degradation mechanisms such as the irreversible lithium loss due to solid
electrolyte interphase (SEI) formation, electrode particle cracking, electrode particle
isolation etc. Among these degradation mechanisms, the chemical degradation, as a result
of SEI formation, has been widely recognized as a major cause of loss of active lithium
content (1-3). The ‘calendar life’ of a lithium ion battery is associated with the chemical
degradation. Spotnitz et al. (4) give a nice review of different capacity fading
experiments and models predicting the calendar life of a battery. Some of the models
such as that of Bloom et al. (5) are purely empirical and might not describe the physics
behind the degradation. Many of the other life prediction models in the literature such as
that of Christensen and Newman (6) consider the chemical degradation as a major source
of capacity fading and thus predict the calendar life of the battery (6-13). Broussely et al.
(14) attempted to understand the capacity loss of batteries at different temperatures with
controlled experiments and put forward a simple mathematical model which predicts the
calendar life.
233

Ning et al. (15) developed a computer simulation based on the solvent reduction on the
electrode-electrolyte interface as a major source of lithium loss. Safari et al (7, 8) used a
different approach and took fatigue mechanics into account for battery life prediction.
Ramadass et al. (16) developed a capacity fade prediction model for Li-ion cells based on
a semi-empirical approach. Santhanagopalan et al. (17) has a nice review of the cycle life
prediction models. Along with the chemical degradation, mechanical degradation is also
a major reason of capacity fading which is not paid enough attention by the reported life
cycle prediction models. The mechanical degradation of batteries occurs due to diffusion
induced stresses (DISs) as a result of the lithium insertion and removal from the electrode
particles. A good number of articles in the literature discuss the mechanical stresses in
single electrode particles (18-21). Recently, through different mathematical models we
investigated the effects of different operating conditions, different electrode particle sizes,
particle shapes, phase transformations etc. on the DISs (22-26). In this chapter we couple
the mechanical degradation with chemical degradation to develop a simple model to
predict the lithium ion battery life.
LiFePO4 based lithium ion battery has been considered as one of most promising
candidates for large scale applications in the automotive and space industries because of
its excellent chemical and thermal stability and low cost (27-31). Liu et al. (32)
established lithium loss as a major mechanism for capacity fading of the battery. Wang et
al. (33) presented a semi-empirical model for life cycle prediction. A phenomenological
life model combining the chemical degradation with mechanical degradation to predict
capacity fading is still needed.
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We cycle the commercial A123 batteries at different temperatures with the potentiostatic
and galvanostatic conditions. We monitor the capacity fade as a function of number of
cycles. Here, with cycling experiments and model results, we again confirm the lithium
loss as a major the aging mechanism of LiFePO4 lithium ion battery cells using both
destructive physical analysis and non-destructive electrochemical analysis. We propose a
mathematical model to describe the lithium loss phenomena which results from coupled
chemical and mechanical degradation. We find that the model predicts the battery life
with fair accuracy. In addition, we regenerate the voltage and differential voltage curves
for the batteries at different cycle number and find that they are in nice agreement with
the experimental voltage curves. Furthermore, we degenerate the cell voltage curve into
the individual electrode voltages, to understand the individual electrode behavior with
cycling. To the best of our knowledge this is the first attempt to couple chemical
degradation with mechanical degradation for the cycle life prediction of lithium ion
batteries.
9.3

Theory

We assume the thin film electrode consist of a large number of spherical particles with a
uniform size. Freshly exposed surfaces give rise to the SEI formation during the
subsequent charge due to reduction of the electrolyte in the presence of high lithium
contents within the carbon host. For example, the ethylene carbonate solvent can be
reduced in the presence of lithiated carbon (3).

2[Li-S] + 2e- +

→

Li2 CO3 + H2 C=CH 2 + 2S
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where the lithium carbonate leads to SEI formation, stabilization of the exposed surface,
and a loss of lithium from the cell. The lithium guest species corresponds to [Li-S], where
S is a vacant site within the host carbon (34). We assume the newly exposed surface is
covered by a new SEI over the subsequent charge cycle, as described above relative to
the formation of Li2CO3. We also assume that, the existing SEI gradually grows in
thickness with time till it is stabilized at a certain thickness.
As a result of the DISs, the pre-existing cracks at the particle surface propagate upon
electrochemical cycling. On each cycle the newly cracked surface is exposed to the
electrolyte and thus results in SEI formation. Figure 9.1 represents the schematics of the
lithium loss as proposed. The capacity loss of a commercial battery is associated with the
lithium loss from the system.
9.4

Experimental

Our collaborators Ping Liu and John Wang at HRL Laboratories LLC (Malibu, CA
90265-4797) did the experimental part. The commercially available 2.2 Ah, 28650
cylindrical cells were purchased from A123 Systems in which the material chemistry is
composed of LiFePO4 cathode and carbon anode. The cycling was done at (C/2) rate,
90% depth of discharge (DOD) at three different temperatures (15, 45, 60oC). In defining
the DOD and C rates, the cell is de-rated to 2 Ah. The cut-off voltages for the cycle test
of all the cells were at 3.6 V and 2.0 V. The cells were charged to 3.6 V and held at 3.6 V
until the current dropped below 0.1A for a maximum of 2 days.
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For the cell characterization Wang et al. (32) is followed. For each of the cells tested, the
cell capacity measured at a C/20 rate during characterization was used for the subsequent
modeling work.
9.5

Experimental results and discussion:

With a reference electrode arrangement (32) we could generate potential vs. state of
discharge (SOD) curves for individual electrodes of a commercial A123 battery, shown
as solid lines in Figure 9.2. We find that, iron phosphate (FePO4) electrode voltage is
fairly constant for the entire SOD range (blue solid curve), on the other hand negative
carbon electrode undergoes staging (red solid curve) and thus phase transformations (35)
upon lithiation or delithiation. We also plot the dV /d(SOD) against the SOD for
individual electrodes, in Figure 9.2 (symbols). We observe that the negative electrode
dV/d(SOD) curve (red symbols) shows peaks for the graphite staging at the same time
dV/d(SOD) curve for FePO4 (blue symbols) is fairly constant and does not show any
variation.
With the experimental setting as described above, we could monitor the capacity fading
of A123 batteries upon electrochemical cycling. The cycling is done with 90% depth of
discharge (DOD) and C/2 operating rate. We are informed that the formation cycles had
already been done at the manufactures end. Hence, the first cycle tested in our laboratory
is termed as cycle number ‘2’. Figure 9.3 shows the measured voltage against capacity
curves for A123 battery at 450C at cycle number 2, 436 and 963. We find that, as we
cycle the battery, the discharge voltage is reached quickly. Thus the capacity fading of
the battery with cycling can be easily observed.
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We calculate the differential voltage d(Voltage, V) /d(Capacity, Ah) for the full cell at
different cycle number for that cell. We plot the experimentally obtained differential
voltage against cell capacity (Ah) at different cycle numbers (Figure 9.4). There
differential voltage curves for different cycle numbers have a similar peak pattern. Since,
there are no peaks in the differential voltage curves of the FePO4 electrodes, all the peaks
in Figure 9.4 actually correspond to the graphite staging. The distance between any two
peaks represents width of a stage. In other words it represents the amount of lithium that
can be stored in a particular stage of graphite electrode. The differential voltage curves in
Figure 9.4 are for the same cell cycled at different cycle numbers 2, 436 and 963. We find
that the distance between any two peaks in all three cases remains the same, at the same
time, the whole curve shifts to left on cycling decreasing the width of last graphite stage.
A constant distance between the peaks over cycle implies that the amount of active
carbon to store lithium is fairly constant upon cycling. At the same time, there is a shift of
the differential voltage curves to the left which indicates the capacity loss is due to the
loss of lithium from the system. Thus, these experimentally obtained differential voltage
curves confirm our initial assumption that, the capacity loss in the commercial A123
batteries is due to the lithium loss in the SEI formation and most of the carbon is still
active and contribute minimally to the total capacity loss.
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9.6

Mathematical model:

We assume capacity loss in a battery is solely because of the irreversible lithium loss and
the electrode material is intact and active for lithiation
The total lithium loss during cycling might be divided in following 4 sections
i.

The lithium loss due to SEI formation on first cycle. This is related to the SEI
formation on the surface of the spherical particle with the pre-existing cracks and
a new surface formed on the propagation of cracks at the end of the first cycle.

ii.

The lithium loss due to SEI formation on the newly formed surface due to crack
propagation during subsequent cycles.

iii.

The lithium loss due to the thickness growth of the SEI formed on the first cycle.

iv.

The lithium loss due to the thickness growth of the new SEI formed in the
subsequent cycles on the new surface exposed due to crack propagation.

The first cycle capacity loss is related to the particle surface area. The total rate of
capacity loss after initial SEI formation cycles i.e. after first cycle can be calculated using
mechanism (ii),(iii) and (iv) as:
𝑑𝑄

𝑑𝑁
𝑑𝑄

𝑑𝑄

= 𝑑𝑁

𝑆𝐸𝐼 𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑑𝑢𝑒 𝑡𝑜 𝑐𝑟𝑎𝑐𝑘 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

𝑑𝑄

+ 𝑑𝑁

𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒

+

(9.1)

𝑑𝑁𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑐𝑟𝑎𝑐𝑘𝑒𝑑 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
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9.6.1

Loss of lithium due to SEI formation on the new surface formed due to
crack propagation

The diffusion in the spherical particle for the galvanostatic charging condition can be
described with the Fick’s law of diffusion. Diffusion equation for transport inside a
spherical electrode particle can be written as
𝜕𝐶
𝜕𝑡

𝐷

𝜕

𝜕𝐶

= 𝑟 2 �𝜕𝑟 �𝑟 2 𝜕𝑟 ��

(9.2)

with initial and boundary conditions:
𝐶(𝑟, 0) = 𝐶0 ,

𝑓𝑜𝑟 0 ≤ 𝑟 ≤ 𝑅

𝐷

𝑓𝑜𝑟 𝑡 ≥ 0

𝜕𝐶(𝑟, 𝑡)
𝑖
�
= ,
𝜕𝑟 𝑟=𝑅 𝐹

𝐶(0, 𝑡) = 𝑓𝑖𝑛𝑖𝑡𝑒,

𝑓𝑜𝑟 𝑡 ≥ 0

(9.2a)

Here ‘i’ is the current over the particle surface.
The solution for galvanostatic condition is well-known (36):
𝑖𝑅

1

3

2

𝑐(𝑥, 𝜏) = 𝑐0 + 𝐹𝐷 �3𝜏 + 2 𝑥 2 − 10 − 𝑥 ∑∞
𝑛=1 �

𝑠𝑖𝑛(𝜆𝑛 𝑥)

𝜆𝑛 2 𝑠𝑖𝑛(𝜆𝑛 )

1

𝑒𝑥𝑝�−𝜆𝑛 2 𝜏���

(9.3)

where 𝑥 = 𝑟⁄𝑅 , 𝜏 = 𝑡𝐷 ⁄𝑅 2, positive current densities i over the particle surface denote
charge and 𝜆𝑛 (𝑛 = 1,2,3, … ) are the positive roots of 𝑡𝑎𝑛(𝜆𝑛 ) = 𝜆𝑛 .
1

The concentration C(r,t) must be greater than zero and cannot exceed the concentration
of available sites for the solute in the case of insertion electrodes, and this will place
limits on the admissible values of the product It.
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For thin film electrode with specific surface area 𝑎𝑠 , thickness 𝐿 and geometric area 𝐴,

the current density ‘𝑖’ can be calculated as
𝐼𝑐𝑒𝑙𝑙
(𝐴𝐿)
𝑠
𝑃𝐸

𝑖=𝑎

(9.4)

the specific surface as of the porous electrode is related to the radius R of the active
spherical particles and overall their contribution to the solid phase porosity 𝜀1𝑎 , 𝑎𝑠 =

3𝜀1𝑎 ⁄𝑅 . Hence,
𝑖 = 3𝜀

𝐼𝑐𝑒𝑙𝑙 𝑅
1𝑎 (𝐴𝐿)𝑃𝐸

(9.4a)

Cheng and Verbrugge (36) showed the maximum stress in a cell is at the surface of the
electrode in the tangential direction at the beginning of delithiation. The magnitude of
this stress is described as;

𝜎𝜃 = −

1 𝐸Ω
𝑖𝑅 1
� � � (1 − 2𝑥 2 )
3 (1 − 𝜈) 𝐹𝐷 5
∞

𝑒𝑥𝑝(−𝜆2𝑛 𝜏) 𝑠𝑖𝑛(𝜆𝑛 𝑥) 𝑠𝑖𝑛(𝜆𝑛 𝑥) − (𝜆𝑛 𝑥)𝑐𝑜𝑠(𝜆𝑛 𝑥)
+2�
�
−
��
𝜆𝑛 𝑠𝑖𝑛(𝜆𝑛 )
𝜆𝑛 𝑥
𝜆3𝑛 𝑥 3
𝑛=1

(9.5)
We are interested in longer times; that is, the time for discharge 𝜏𝑑𝑖𝑠 ≫ 𝜏 = 𝑡𝐷 ⁄𝑅 2 .

Hence, the exponential terms in the stress equations tend to zero and summations can be
neglected. Because the magnitude of the tangential stress 𝜎𝜃 increases monotonically to

an asymptote and is largest at the particle surface, we shall refer to the long-time

asymptotic value of the surface tangential stress as 𝜎𝜃,𝑚𝑎𝑥 .
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Second, we restrict our attention to the cracks formed and growing at the particle surface.
Since, the particle is taken to be isolated and we do not account for surface mechanics
(e.g., surface tension) associated with nano size particles (26), the radial component of
the stress at the surface is zero, and the tangential stress at the surface corresponds to

𝜎𝜃,𝑚𝑎𝑥

1 𝐸Ω
𝑖𝑅
1 𝐸Ω
𝑅2
𝐼𝑐𝑒𝑙𝑙
=−
� �=−
� �
15 (1 − 𝜈) 𝐹𝐷
45 (1 − 𝜈) 𝐹𝐷 𝜀1𝑎 (𝐴𝐿)𝑃𝐸
(9.6)

The charge currents for the experiments in this work are C/20 which are quite low
relative to those of discharge.

Hence, in terms of stress over a cycle, the surface

undergoes tensile stress during discharge in accordance with Equation 9.5 and relaxes
during the majority of the charge cycles (𝜎𝜃,𝑠𝑢𝑟𝑓𝑎𝑐𝑒 = 0 during charge). We employ the
Paris’ Law formulation to represent a surface crack of depth a growing with each chargedischarge cycle N,
𝑑𝑎

𝑑𝑁

= 𝑘∆𝐾𝐼𝑚

(9.7)

where k and m are taken to be constants, and the difference in the mode I stress intensity
factor KI between the fully loaded state, corresponding to the steady-state constant
current discharge, and the unloaded state (low current charge) is given by
∆𝐾𝐼 = 𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋𝑎

(9.8)

here, 𝑎 is the depth of the crack. We assume that the electrode surface has pre-existing
cracks of depth 𝑎0 and the crack width ‘w’. For the small surface crack we investigate,
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𝑎 ≪ 𝑅, and the constant b = 1.12 (37). Substituting Equations 9.6 and 9.8 into Equation
9.7, we obtain
𝑑𝑎

= 𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋𝑎�
𝑑𝑁
𝑑𝑎

1

𝑚

𝑅2

𝐸Ω

(9.9)

= 𝑘 �− 45 (1−𝜈) �𝐹𝐷� 𝜀
𝑑𝑁

𝐼𝑐𝑒𝑙𝑙
𝑏√𝜋𝑎�
1𝑎 (𝐴𝐿)𝑃𝐸

𝑚

(9.10)
𝑚

𝑚

𝑑𝑎�

𝑎0 𝑑𝑁 = 𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋𝑎� = 𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏�𝜋𝑎0 � 𝑎�𝑚⁄2
𝑑𝑎�
�
𝑑𝑁

(9.11)

= 𝑎�𝑚⁄2

(9.12)

here we define
𝑚

𝑚

� = 𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋� 𝑎0 𝑚⁄2−1 𝑁 = 𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋� 𝑎0 �
𝑁
and 𝑎� = 𝑎⁄𝑎0

𝑚−2
�
2 𝑁

Integrating (9.12)
�
𝑁

𝑎�

𝑑𝑎�
�
� 𝑚⁄2 = � 𝑑𝑁
𝑎
�
1
0

𝑎� = �1 +

2−𝑚
2

��
𝑁

2
2−𝑚

(9.13)

Equation 9.13 relates the crack depth with the number of cycles.
As the crack grows during discharge, a new surface of area 2lcr(da) is exposed to the
electrolyte. Here, lcr is the length of the crack.
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We take the number of cracks and the length of each crack to be the same throughout this
particle life; that is, the cracks are all taken to be identical and grow in depth into the
particle during each discharge half cycle. Hence, 𝜌𝑐𝑟 is defined as the surface crack

density, i.e., the number of cracks per unit area of particle surface. We shall treat the
surface density of the cracks as a constant, and it is determined by the initial number of
cracks over the particle surface, 𝑁𝑐𝑟 = 4𝜋𝑅 2 𝜌𝑐𝑟 . The total area associated with cracks is
given by 𝐴𝑐𝑟 = 8𝜋𝑅 2 𝜌𝑐𝑟 𝑎𝑙𝑐𝑟 . We can express the change in the total area associated with
cracks for each discharge of cycle N as
𝑑𝐴𝑐𝑟
𝑑𝑁

=

𝑚

𝑑𝐴𝑐𝑟 𝑑𝑎
𝑑𝑎

= 8𝜋𝑅 2 𝑙𝑐𝑟 𝜌𝑐𝑟 𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏�𝜋𝑎0 � 𝑎�𝑚⁄2
𝑑𝑁

(9.14)

We assume the newly exposed surface is covered by a new SEI over the next charge
cycle, as described above relative to the formation of Li2CO3.
SEI forms on the newly cracked surface as soon as it is exposed to the electrolyte,
forming a layer of thickness 𝐿0𝑆𝐸𝐼 .

𝑑𝑄
𝑛𝑆𝐸𝐼 𝐿0𝑆𝐸𝐼 𝜌𝑆𝐸𝐼 𝐹 𝑑(𝐴𝑐𝑟 )
=−
𝑀𝑆𝐸𝐼
𝑑𝑁𝑆𝐸𝐼 𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑑𝑢𝑒 𝑡𝑜 𝑐𝑟𝑎𝑐𝑘 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛
𝑑𝑁
=−

𝑛𝑆𝐸𝐼 𝐹𝐿0𝑆𝐸𝐼 𝜌𝑆𝐸𝐼 8𝜋𝑅 2 𝑙𝑐𝑟 𝜌𝑐𝑟
𝑚
�𝜎𝜃,𝑚𝑎𝑥 𝑏�𝜋𝑎0 � 𝑘𝑎�𝑚⁄2
𝑀𝑆𝐸𝐼

(9.15)
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9.6.2

Lithium loss due to increase in the thickness (𝑳𝑺𝑬𝑰 ) of the initial SEI layer

Along with crack propagation, an increase in the thickness of the existing SEI upon
cycling also contributes to the lithium loss from the cell. The increase in SEI thickness
has been observed by several groups by increase in the resistance of the cell (12). We
assume that SEI grows initially with the number of cycles and then stabilizes at a certain
thickness. Most of the calendar life experiments and models assume that the thickness
growth is time dependent and is proportional to square root of time (4). Since, the exact
functional form of SEI growth during cycling is unknown; we assume SEI growth with
the following equation
𝐿𝑆𝐸𝐼 = 𝐾𝑡ℎ 𝑁 1⁄2

(9.16)

Here 𝐾𝑡ℎ is a constant and is temperature dependent.
9.6.3

Lithium loss due to increase in the thickness (𝑳𝑺𝑬𝑰 ) of the initial SEI layer.

First cycle is the SEI formation cycle. From the second cycle onwards, the SEI grows in
thickness on the initial surface area of particle. Initial surface area of the spherical
particle during the formation cycle would be the surface area of sphere with pre-existing
cracks.
𝐴𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑎𝑟𝑒𝑎

+ 𝑎𝑟𝑒𝑎 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑒𝑑 𝑤𝑖𝑡ℎ 𝑝𝑟𝑒𝑒𝑥𝑖𝑠𝑡𝑖𝑛𝑔 𝑐𝑟𝑎𝑐𝑘𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝐴𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 4𝜋𝑅 2 + 8𝜋𝑅 2 𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 = 4𝜋𝑅 2 (1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 )

Hence, the rate of capacity loss upon cycling due to growth in thickness of SEI is;
245

𝑑𝑄
𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼
𝑑𝐿𝑆𝐸𝐼
=−
𝐴𝑖𝑛𝑖𝑡𝑖𝑎𝑙
𝑑𝑁𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
𝑀𝑆𝐸𝐼
𝑑𝑁
=−

𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼
𝑑𝐿𝑆𝐸𝐼
4𝜋𝑅 2 (1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 )
𝑀𝑆𝐸𝐼
𝑑𝑁

(9.17)

Now, differentiating Equation 9.14 with respect to number of cycles we can get,
𝑑𝐿𝑆𝐸𝐼
𝑑𝑁

𝑑𝑄

1

= 2 𝐾𝑡ℎ 𝑁 −1⁄2

𝑑𝑁𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒

(9.18)

=−

𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼
𝑀𝑆𝐸𝐼

1

4𝜋𝑅 2 (1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 ) 2 𝐾𝑡ℎ 𝑁 −1⁄2
(9.19)

9.6.4

Loss of lithium due to growth of SEI thickness in the cracked area.

There is an incremental increase in the new surface area each cycle. As soon as a new
area is exposed to electrolyte SEI is formed on this area. The SEI formed in this cracked
area grows in thickness in the subsequent cycles. On Nth cycle, the area of crack opened
on first cycle would have undergone N-1 cycles, thus thickness growth related to N-1
cycles would occur on that area. Similarly, on Nth cycle, the crack area opened on second
cycle would undergo N-2 cycles hence a thickness growth related to N-2 cycles. Capacity
loss in the crack area on Nth cycle can be mathematically written as;
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𝑑𝑄
𝑑𝑁𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑐𝑟𝑎𝑐𝑘𝑒𝑑 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
= −�

𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼 𝑑𝐴𝑐𝑟
𝑑𝐿𝑆𝐸𝐼
𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼 𝑑𝐴𝑐𝑟
𝑑𝐿𝑆𝐸𝐼
�
� �
�
+
�
� �
�
𝑀𝑆𝐸𝐼
𝑑𝑁 1 𝑑𝑁 𝑁−1
𝑀𝑆𝐸𝐼
𝑑𝑁 2 𝑑𝑁 𝑁−2

+ ⋯+

𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼 𝑑𝐴𝑐𝑟
𝑑𝐿𝑆𝐸𝐼
�
�
�
� �
𝑀𝑆𝐸𝐼
𝑑𝑁 𝑁−1 𝑑𝑁 1

𝑁−1

𝑑𝑄
𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼
𝑑𝐴𝑐𝑟
𝑑𝐿𝑆𝐸𝐼
=−
��
� �
�
𝑑𝑁𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑐𝑟𝑎𝑐𝑘𝑒𝑑 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
𝑀𝑆𝐸𝐼
𝑑𝑁 𝑖 𝑑𝑁 𝑁−𝑖
𝑖=1

(9.19)
The capacity loss in the cracked area due to SEI growth in the subsequent cycles is given
as,
𝑑𝑄
𝑑𝑁𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑐𝑟𝑎𝑐𝑘𝑒𝑑 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
𝑁−1

𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼
𝑚
=−
� 8𝜋𝑅 2 𝑙𝑐𝑟 𝜌𝑐𝑟 𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏�𝜋𝑎0 � �1
𝑀𝑆𝐸𝐼
𝑖=1

𝑚

2−𝑚 1
2−𝑚
𝑚 �𝑚−2
+
𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋� 𝑎0 2 � (𝑁 − 𝑖)�
𝐾𝑡ℎ (𝑁 − 𝑖)−1⁄2
2
2

(9.20)
9.6.5

Total lithium loss after formation cycles

After the formation cycle, the rate of capacity loss in the subsequent cycles is given by
Equation 9.1;
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𝑑𝑄

𝑑𝑄

= 𝑑𝑁
𝑑𝑁
𝑑𝑄

𝑆𝐸𝐼 𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑑𝑢𝑒 𝑡𝑜 𝑐𝑟𝑎𝑐𝑘 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

𝑑𝑄

+ 𝑑𝑁

𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒

+

𝑑𝑁𝑆𝐸𝐼 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑔𝑟𝑜𝑤𝑡ℎ 𝑜𝑛 𝑐𝑟𝑎𝑐𝑘𝑒𝑑 𝑠𝑢𝑟𝑓𝑎𝑐𝑒

(9.21)
𝑑𝑄
𝑛𝑆𝐸𝐼 𝐹𝐿𝑆𝐸𝐼 𝜌𝑆𝐸𝐼 8𝜋𝑅 2 𝑙𝑐𝑟 𝜌𝑐𝑟
𝑚
=−
�𝜎𝜃,𝑚𝑎𝑥 𝑏�𝜋𝑎0 � 𝑘 �1
𝑑𝑁
𝑀𝑆𝐸𝐼
𝑚

2−𝑚
2−𝑚
𝑚 �𝑚−2
+
𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋� 𝑎0 2 � 𝑁�
2

−4𝜋𝑅 2

𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼
1
(1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 ) 𝐾𝑡ℎ (𝑁)−1⁄2
𝑀𝑆𝐸𝐼
2
𝑁−1

𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼
𝑚
−
� 8𝜋𝑅 2 𝑙𝑐𝑟 𝜌𝑐𝑟 𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏�𝜋𝑎0 � �1
𝑀𝑆𝐸𝐼
𝑖=1

𝑚

2−𝑚 1
2−𝑚
𝑚 �𝑚−2
+
𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋� 𝑎0 2 � (𝑁 − 𝑖)�
𝐾 (𝑁 − 𝑖)−1⁄2
2 𝑡ℎ
2

(9.22)
We get the fractional capacity loss by dividing the equation by 𝑄0 . We define 𝑄0 as the
capacity of the electrode after formation cycle i.e. capacity of the cell after first cycle.
Now, since, we lose around 10% capacity in the formation cycle,
𝑄0 = 0.9 ∗ 𝑄0𝑖𝑛𝑖𝑡𝑖𝑎𝑙

𝑄0𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝑐𝑒𝑙𝑙 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 =

�𝑠𝑝 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑜𝑓 𝑔𝑟𝑎𝑝ℎ𝑖𝑡𝑒 𝑎𝑛𝑜𝑑𝑒 .4�3𝜋𝑅 3 𝜌𝑔𝑟𝑎𝑝ℎ𝑖𝑡𝑒 �
1.1

we divide by 1.1 since, the graphite is 10% in excess.
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(9.23)

Now for simplicity we write,
𝑚

𝐴 = 𝑙𝑐𝑟 𝜌𝑐𝑟 �𝜎𝜃,𝑚𝑎𝑥 𝑏�𝜋𝑎0 � 𝑘,

𝑚−2
𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼 4𝜋𝑅 2
2−𝑚
𝑚
�
𝐵=
, 𝐶=−
𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋� 𝑎0 2 �
𝑀𝑆𝐸𝐼 𝑄0
2

Here the parameters A, B and C are all positive. Typical value of m in fracture mechanics
is in domain (2, 5).
𝑚
1
𝑑𝑄�
= −2𝐵𝐴𝐿𝑆𝐸𝐼 (1 − 𝐶𝑁)2−𝑚 − 𝐵(1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 ) 𝐾𝑡ℎ (𝑁)−1⁄2
2
𝑑𝑁
𝑁−1

𝑚 1
− 2𝐵𝐴 ��1 − 𝐶(𝑁 − 𝑖)�2−𝑚 𝐾𝑡ℎ (𝑁 − 𝑖)−1⁄2
2
𝑖=1

(9.24)
Integrating,
𝑄� − 1 = −

𝑚
𝑚
2−𝑚
𝐵𝐴 �(1 − 𝐶𝑁)2−𝑚 − (1 − 𝐶)2−𝑚 �
𝐶

+ 𝐵𝐾𝑡ℎ (1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 )�(𝑁)1⁄2 − 1�
𝑁 𝑁−1

−𝑚

− 𝐵𝐴𝐿𝑓𝑖𝑛𝑎𝑙 𝐾𝑡ℎ � ��1 − 𝐶(𝑁 − 𝑖)�𝑚−2 (𝑁 − 𝑖)−1⁄2 𝑑𝑁
1

𝑖=2

(9.25)
We numerically integrate this equation to get the fractional capacity as a function of cycle
number.
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9.7 First cycle SEI formation lithium loss and estimation of 𝑳𝟎𝑺𝑬𝑰
(SEI thickness during the formation cycle)

During the first cycle SEI is formed on the initial surface of spherical particle with preexisting cracks on the surface and also on the area of cracks grown in the first cycle. This
SEI formation results in irreversible loss of approximately 10% in capacity
The graphite capacity is in 10% excess to that of cell capacity. The 𝐿0𝑆𝐸𝐼

can be

calculated roughly with the assumption of 10% cell capacity loss in the first cycle which
is used to form a SEI of the thickness 𝐿0𝑆𝐸𝐼
𝑄0𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝑐𝑒𝑙𝑙 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 =

�𝑠𝑝 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦.4�3𝜋𝑅 3 𝜌𝑔𝑟𝑎𝑝ℎ𝑖𝑡𝑒 �
1.1

(9.26)

we divide by 1.1 since, the graphite is 10% in excess.
Now capacity lost in initial SEI formation is
𝑄𝑙𝑜𝑠𝑡 = 𝐴𝑖𝑛𝑖𝑡𝑖𝑎𝑙

𝑛𝑆𝐸𝐼 𝐹𝐿0𝑆𝐸𝐼 𝜌𝑆𝐸𝐼

(9.27)

𝑀𝑆𝐸𝐼

On the first cycle we assume that all the surface area of surface and pre-existing cracks at
the surface would be covered with SEI of thickness 𝐿0𝑆𝐸𝐼 .

𝐴𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 4𝜋𝑅 2 + 8𝜋𝑅 2 𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 = 4𝜋𝑅 2 (1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 )

(9.28)

Hence,
𝑄𝑙𝑜𝑠𝑡 = 𝐴𝑖𝑛𝑖𝑡𝑖𝑎𝑙

𝑛𝑆𝐸𝐼 𝐹𝐿0𝑆𝐸𝐼 𝜌𝑆𝐸𝐼

(9.29)

𝑀𝑆𝐸𝐼

𝑄𝑙𝑜𝑠𝑡 = 4𝜋𝑅 2 (1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 )

𝑛𝑆𝐸𝐼 𝐹𝐿0𝑆𝐸𝐼 𝜌𝑆𝐸𝐼
𝑀𝑆𝐸𝐼

(9.30)
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For simplicity purpose we write,

𝐵0 =

𝑛𝑆𝐸𝐼 𝐹𝜌𝑆𝐸𝐼 4𝜋𝑅 2

𝐶=−

𝑀𝑆𝐸𝐼 𝑄0𝑖𝑛𝑖𝑡𝑖𝑎𝑙

𝑚

𝐴 = 𝑙𝑐𝑟 𝜌𝑐𝑟 �𝜎𝜃,𝑚𝑎𝑥 𝑏�𝜋𝑎0 � 𝑘

2−𝑚
𝑚 �𝑚−2
𝑘�𝜎𝜃,𝑚𝑎𝑥 𝑏√𝜋� 𝑎0 2 �
2

𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑐𝑦𝑐𝑙𝑒

𝑄𝑙𝑜𝑠𝑡

,

𝑄0𝑖𝑛𝑖𝑡𝑖𝑎𝑙

= (1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 )𝐿0𝑆𝐸𝐼 𝐵 0

(9.31)

This can be equated with the 10% of the cell capacity to calculate initial SEI
thickness 𝐿0𝑆𝐸𝐼 .
𝐿0𝑆𝐸𝐼 =

9.8

0.1
(1 + 2𝑙𝑐𝑟 𝜌𝑐𝑟 𝑎0 ) 𝐵 0

(9.32)

Parameters and assumptions:

We assume the initial crack depth and length to be 𝑎0 = 𝑙𝑐𝑟 = 2 𝑛𝑚. We assume the

initial crack density 𝜌𝑐𝑟 = 109 cracks on the surface of a spherical electrode particle.

The particle size for the calculations is assumed to be 10 microns, which is consistent
with the observation done by Verbrugge et al. (34). The porosity of the electrode film is

taken to be 65% (34). The value of Paris’ law constant 𝑚 is assumed to be ‘2.5’ which is

consistent with the general observed values in fracture mechanics(2 ≤ 𝑚 ≤ 5). Crack
propagation as well as SEI growth rate are thermally activated processes. Hence, we

assume Paris’ law constant 𝑘 as well as thickness growth constant 𝐾𝑡ℎ follows the
Arrhenius law;
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0 (−𝐸𝑎2 ⁄𝑅𝑇 )
𝑘 = 𝑘0 𝑒 (−𝐸𝑎1 ⁄𝑅𝑇) and 𝐾𝑡ℎ = 𝐾𝑡ℎ
𝑒

(9.33)

0
𝑘0 value for electrochemical crack propagation in graphite and 𝐾𝑡ℎ
value for the SEI

growth rate in graphite is unknowns hence are a fitting parameter. With the capacity

fading data at three different temperatures we could calculate the activation energy for
crack propagation to be 13.08 𝑘𝑐𝑎𝑙 𝑚𝑜𝑙 −1 and for SEI thickness growth to

be 5.65 𝑘𝑐𝑎𝑙 𝑚𝑜𝑙 −1. As discussed earlier, we assume that all the SEI formed upon crack

propagation, mainly consist of Li2CO3, thus there is two mole lithium loss on every mole

of Li2CO3 formed during cycling (𝑛 = 2). Also we take molecular weight of Li2CO3 as

molecular weight of SEI. Using these parameters in the equation we calculate the initial
SEI thickness to be 𝐿0𝑆𝐸𝐼 = 2.85 𝑛𝑚. In these calculations this SEI thickness grows

gradually 2.85 nm to around 5 nm to 10 nm in the subsequent 2000 cycles depending
upon the operating temperature conditions.
9.9

Modeling results and discussions:

With the assumptions as stated above in the Equation (9.25) we could plot the capacity
fading of the cells as a function of cycle number for different temperatures. In Figure 9.5,
the dots represent the experimental data of the capacity of the cell and the solid lines
represent the calculated capacity using the model. We find that, the predicted capacity is
in nice agreement with the experimental data. This agreement suggests that, the model
predicts the capacity fading quite well. For further confirmation of validity of the model,
we regenerate the voltage vs. capacity curves (Figure 9.6) at different number of cycles.
We use the SOD vs. potential charts of the individual electrodes as lookup tables to
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regenerate these curves. We find that the calculated cell voltage profiles in Figure 9.6
match fairly well with the experimental curves in Figure 9.3.
We calculate the differential voltages for the full cell using the cell voltage plots in
Figure 9.6 and thus we could regenerate the plots of differential voltages of the full cell
against the capacity (Ah) for different cycle numbers (Figure 9.7). We compare these
plots with the experimental plots in Figure 9.4 and find that they are in nice agreement
with eachother. Again we observe that the distance between the differential voltage peaks
remains the same as we cycle the battery. This is consistent with our assumption that, in a
good commercial battery lithium loss due to the SEI formation with crack propagation
and the SEI thickness growth is the main mechanism of capacity fading with the minimal
loss of active graphite particles.
With the knowledge of the SOD of the individual electrodes, we could degenerate the full
cell voltage plots into the individual electrode voltages (Figure 9.6). Thus we know the
state of the individual electrodes with the cycling. With Figure 9.6 we understand that, as
we cycle the electrode, for initial few cycles there is increase in the voltage of FePO4
(against lithium reference electrode) electrode at the end of discharge, since it cannot be
completely lithiated. And it goes back to pure FePO4 state at the end of charge with the
same voltage against lithium reference electrode in all the cycles.
Graphite electrode is always in pure graphite stage at the end of discharge. In a
commercial battery, the graphite capacity is always around 10% in excess than the
positive electrode capacity. Thus there is always some unused capacity of graphite at the
end of charging even in the first cycle. As the lithium is lost upon cycling, the graphite
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electrode cannot be completely lithiated thus reducing the width of last stage at the end of
the charging. Upon cycling there is an increase in the unused graphite capacity. The
graphite voltage curve shifts to left upon cycling which also shows up as shift in peaks in
the differential voltage curves of the full cell (Figure 9.7).

9.10

Conclusions:

1. We could experimentally prove the assumption that the capacity fade in a
commercial battery is mainly due to the irreversible lithium loss due the SEI
formation and growth, with most of the carbon is still active and contributing
minimally to the total capacity loss.
2. A mathematical model is proposed to explain the lithium loss during cycling
combining the new SEI formation with cycling and the SEI thickness growth with
time. Thus we combine the chemical degradation due to SEI growth with the
crack propagation i.e. mechanical degradation to predict capacity loss. The model
predictions are found to be in good agreement with experimentally obtained data.
3. Voltage vs. capacity curves and differential voltage curves for the full cell are
regenerated with the model and are found to be in good agreement with the
experimental curves. We could degenerate the cell voltage curves to the
individual electrode voltages thus understanding the states of individual
electrodes upon electrochemical cycling.
4. The model explains the physical phenomena that result in capacity fading in a
commercial A123 battery with LiFePO4/graphite electrodes and predicts the
capacity the cells with cycling at different temperature pretty well.
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Figure 9.1: A cartoon diagram representing the schematics of the lithium loss as
proposed. As a result of diffusion induced stresses (DISs), the cracks at the particle
surface propagate with cycling, a new surface is exposed to electrolyte and results in SEI
formation.
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Figure 9.2: The solid curves are the plots potential vs. state of charge (SOD) curves for
the individual electrodes of a commercial A123 battery. The dotted curves are the plots
of dV /d(SOC) against SOC for the individual electrodes. We find that the negative
electrode dV/d(SOC) curve (Blue symbols) shows peaks for the graphite staging at the
same time dV/d(SOC) curve for FePO4 have fairly constant and does not show any
variation (Red symbols). In both plots, we use blue color for the negative electrode and
red color for the positive electrode.
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Figure 9.3: Plots of the measured voltage against the capacity for A123 battery at 450C at
cycle numbers 2, 436 and 963.
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Figure 9.4: Plot of experimentally obtained differential voltages of the full cell against the
cell capacity (Ah) for A123 battery at 450C at cycle numbers 2, 436 and 963.
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Figure 9.5: A plot of the capacity fading of the cell as a function of number of cycles for
different temperatures. The dots represent the experimental data of the capacity of the cell
and the solid lines represent the calculated capacity using the model.
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Figure 9.6: Plots of voltage (V) vs. capacity(Ah) at different number of cycles for the
data calculated using the model. We degenerate the voltage cell voltage in to the voltage
profiles for the individual electrode voltages against the cell capacity for different cycle
numbers.
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Figure 9.7: Plots of differential voltages (dV/dQ) against the Capacity (Ah) for different
cycle numbers obtained using the proposed model for different cycle numbers.
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CHAPTER 10

LIQUID METAL ALLOYS AS SELF-HEALING NEGATIVE ELECTRODES
FOR LITHIUM ION BATTERIES
This chapter is based on work published as:
R. D. Deshpande, J. Li, Y.-T. Cheng, M. W. Verbrugge, Liquid Metal Alloys as SelfHealing Negative Electrodes for Lithium Ion Batteries. Journal of The Electrochemical
Society 158, A845 (2011).
It’s reproduced by permission of The Electrochemical Society.
10.1

Summary

Improving the capacity and durability of electrode materials is one of the critical
challenges lithium-ion battery technology is facing presently. Several promising anode
materials, such as silicon (Si), germanium (Ge), and tin (Sn), have theoretical capacities
several times larger than that of the commercially used graphite negative electrode.
However, their applications are limited because of the short cycle life due to fracture
caused by diffusion-induced stresses (DISs) and the large volume change during
electrochemical cycling. In this chapter, we present a strategy to achieve high capacity
and improved durability of electrode materials using low-melting point metallic alloys.
With gallium (Ga) as an example, we show that at a temperature above the melting point
of Ga, a reversible solid-liquid transition occurs upon lithiation (lithium insertion) and
delithiation (lithium extraction) of Ga. As a result, cracks formed in the lithiated solid
state can be “healed” once the electrode returns to liquid Ga after delithiation. This work
indicates that cracking as a failure mode can be remedied using liquid metal electrodes.
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10.2

Introduction

Lithium ion batteries (LIBs) with high energy capacity and long cycle life are employed
to power numerous consumer electronic devices, portable tools, implantable medical
devices, and more recently, hybrid electric vehicles (HEVs) and pure battery electric
vehicles (BEVs) (1, 2). Many elements react with Li to form binary alloys LixM (where
M is, for example, Si(3), Ge(4), or Sn(5)). Their theoretical (Columbic) capacities are 3
to 12 times higher than that of graphite electrodes, as they host 2 to 4.4 Li atoms per M
atom, in contrast to a single Li atom per 6 C atoms. These LixM alloys also show a
discharge potential close to that of the Li/Li+ reaction (1). These materials have,
therefore, been considered as potential negative electrodes for the LIBs. However, low
cycle life due to mechanical degradation (6, 7) and current inefficiencies associated with
undesired electrochemical reaction during cycling limit the application of these high
capacity electrode materials in LIBs.
Different strategies such as alloying the Li-active materials with inactive elements,
building nano-structural/ nano-porous electrodes, coating or having electrolyte additives
for a stable SEI etc. are commonly used by different studies focusing on improving
electrode durability in past 15 years. Alloying Li-active with inactive materials improves
battery cycle life significantly, such as alloying Sn with Cu (8) , Co (9), or Ni (10).
However, total gravimetric and volumetric energy densities are lowered because the
inactive elements contribute to extra weight and volume.
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Nano-structural electrodes, such as thin-film Si (11), Si nano-particles (12), Si nanowires
(3) and TiO2 nanowires (13), as well as porous transition metal oxides (14, 15), show
improvement in cycle life compared to their bulk-material counterparts. However, nanostructuring reduces the volumetric capacity of electrodes because of the low packing
density of nanowires, nanoparticles, and porous materials. Furthermore, nano-structured
electrodes may suffer from increased irreversible capacity degradation due to excessive
solid electrolyte interphase (SEI) formation (16), and other deleterious reactions with the
electrolyte (leading to reduced current efficiency relative to the desired lithiation
reaction), because of their large surface area to volume ratio. Last, conducting additives
and chemical binders, such as carbon black and polyvinylidene fluoride (PVDF), have
been shown to improve the cycle life at the cost of extra mass and volume occupied by
the additives.
In this chapter, we demonstrate a strategy of achieving high capacity and durability using
low-melting point, lithium active, liquid metals (LMs) as LIB negative electrodes. This
idea is based on the premise that cracks formed in LMs during cycling can be self-healed
by the liquid-solid-liquid transition. We examine the reversibility of lithiation of the LM
pure Ga at 40 °C, as a negative electrode for a LIB. Ga hosts 2 Li atoms per Ga atom
upon full lithiation, delivers a theoretical gravimetric capacity of 769 mAh g-1 by forming
Li2Ga alloy (17), and shows a discharge potential close to the Li/Li+ reaction. It has been
shown that LiGa alloys (18), CuGa alloys (19), and Ga confined in a carbon matrix (20)
deliver capacities of about 200-400 mAh g-1 upon extended cycling.
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10.3

Experimental

Commercial pure gallium (Ga) metal (99.99%, Alfa Aesar) was applied onto 0.025 mm
thick 304-type stainless steel (SS) foils (Alfa Aesar) without any binder or conducting
additive. The thickness of Ga film on SS substrate was controlled to be about 1 µm, and
the mass of Ga was precisely measured by a microbalance (XS 205, Mettler Toledo).
Samples were assembled into CR 2025-type coin cells (Hohsen) in an argon-filled glovebox (MBraun) with oxygen and moisture contents less than 0.1 ppm. Li metal foils
(99.9%, Sigma Aldrich) were used as the counter electrode (CE). One piece of Celgard
3501 separator soaked in the electrolyte solution consisting of 1M LiPF6 dissolved in a
mixture of ethyl carbonate and dimethyl carbonate (EC/DMC, volumetric ratio 1:1)
(Novolyte) was used in making the coin cells. Capillary cells were assembled with liquid
gallium as the working electrode (WE) and lithium metal as the CE. Electrolyte solution
was the same as for coin cells. The capillary was filled with liquid Ga from one end and
solid lithium attached to a copper current collector was pushed in through the other end.
The space between the electrodes was filled with the electrolyte (approximately 2 mm).
Copper wires were used as current conductors. Both ends of the cell were sealed with
Torr-seal (Varian). Electrolyte vapor was avoided from Torr-seal with a Teflon cap. The
transparent glass body allowed direct observation of the color and texture changes in the
Ga during lithiation and delithiation (Fig 10.3 a). Figure 10.3 b shows the conceptual
picture of the capillary cell arrangement.
Cycling performance of coin cells was evaluated using a potentiostat (VersaSTAT 3,
PAR). The cells were galvanostatically cycled between 2.0 V and 0.005 V at various
rates.
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During cycling, coin cells were kept in an environmental chamber (Test Equity) with
precise temperature controlled at 40°C, according to the experimental needs. In this work
charging refers to lithiation and discharging refers to delithiation.
Before characterization, the cycled cells were disassembled and the WE was washed by
DMC (99%, Alfa Aesar). Ex-situ x-ray diffraction (XRD) was carried out using a D8
Discover (Bruker AXS) system with Cu Kα radiation (wavelength 1.54 nm). Samples
were maintained at 40°C during XRD tests. For the capillary cell, the galvanostatic
cycling was conducted with a current of 10 μA using a potentiostat (VersaSTAT 3, PAR).
The optical observations were made under a model QX5 optical microscope (Prime
Entertainment Company).
10.4

Results and discussion

The melting point of pure Ga is 29 °C. Electrochemical cycling tests in this work were
held at 40 °C to ensure the liquid state of pure Ga. Different from the Ga-Li equilibrium
phase diagram (21) and observations of Li in Ga at 415 °C (17), three intermetallic
phases, Li2Ga7, LiGa, and Li2Ga, form during the electrochemical reaction of Ga with Li
at 40 °C. The potential-capacity profile in Figure 10.1 clearly shows four narrow singlephase regions, as well as two-phase regions (plateaus). The theoretical Coulombic
capacity in going from Ga to Li2Ga corresponds to 769 mAh per gram of Ga. The
electrode used to generate the data of Figure 10.1 yielded a capacity of 700 mAh g-1
which is about 91% of the theoretical value, indicating that the vast majority of the Ga
within the electrode was utilized for reaction with Li.
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The hysteresis in the potential profile of Figure 10.1 is not well understood at this time;
we suspect that although 50 hours were employed for each of the low-current-density
charge and discharge experiments, irreversible phenomena still intrude on the results.
The thermodynamic relation used previously to describe staging phenomena during the
lithiation of graphite (22) has been applied here to generate the curve labeled
“Calculation” in Figure 10.1 for discharge at a low rate (C/50, corresponding to a 50-hr
discharge). However, we note that while the thermodynamic relations derived and
employed capture qualitatively the potential behavior, more work is needed to make the
analysis quantitative. Deshpande et al (23) gives further details on these calculations.
X-ray diffraction (XRD) of Ga at 40 °C shows that before cycling Ga is liquid, as seen as
a broad peak at 2θ=36° (Figure 10.2). During cycling, three reversible phases, including
Li2Ga7, LiGa, and Li2Ga form, as seen from XRD peak identification. After complete
delithiation, Ga returns to its liquid state, indicated by the broad peak at 2θ=36° in the
XRD profile. Thus, a reversible liquid-solid-liquid transition in Ga is confirmed upon
lithiation and delithiation, corroborating the electrochemical results.
The capillary cell was observed in real time under microscope during lithiation and dlithiation. Lithium-free liquid Ga appears glossy under the optical microscope (Figure
10.3c). After partial lithiation, a distinct gray layer of lithiated Ga above the unlithiated
liquid Ga is observed. Un-lithiated liquid Ga could still be observed to be glossy as it was
initially (Figure 10.3d). The partially lithiated gallium was completely delithiated: the
glossy liquid Ga was completely recovered. Thus, the liquid-solid-liquid transition of
gallium upon lithiation and delithiation was directly observed.
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The co-author J C Li (Chemical and Materials Engineering, University of Kentucky)
performed ex-situ SEM observation of the samples. The morphology changes of Ga at
various stages of cycling were examined by ex-situ SEM.
With SEM, he could observe the solidified LM on lithiation, the cracks formed on partial
delithiation and smooth liquid surface on complete delithiation. Deshpande et al. (23)
gives further details about these observations.
Based on our XRD and electrochemical results, and the previous work of Saint et al. (18),
the electrochemical reaction of liquid Ga with Li at 40 °C can be summarized to good
approximation as

Lithiation:

𝐿𝑖

𝐿𝑖

𝐿𝑖

(10.1)

−𝐿𝑖

(10.2)

𝐺𝑎(𝑙) → 𝐿𝑖2 𝐺𝑎7 → 𝐿𝑖𝐺𝑎 → 𝐿𝑖2 𝐺𝑎
−𝐿𝑖

−𝐿𝑖

Delithiation: 𝐿𝑖2 𝐺𝑎 �� 𝐿𝑖𝐺𝑎 �� 𝐿𝑖2 𝐺𝑎7 �� 𝐺𝑎(𝑙)

The comparison of liquid gallium to solid gallium as electrode is studied in Deshpande et
al.(23). The GaLix compounds are solid at 40 °C. After the cell reaches the final plateau
near 0.9 V, the electrode is a mixture of solid Li2Ga7 and liquid Ga. Because Li diffusion
in liquid Ga is found to be much faster than in a solid, Li diffusion in solid Li2Ga7 is rate
limiting at this stage. After reaching the liquid Ga single phase (starting at about 0.95 V),
most of the electrode is liquid and Li diffusion is especially fast. Thus, the cell potential
increases to the upper potential limit quickly.
The influence of discharge rates on the capacity is studied by co-author J C Li are
reported in detail in Deshpande et al. (23). The discharging potential-capacity profiles of
Ga LM in the second cycle with various rates are compared.
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Even at a fast rate of 2C, Ga still delivers a considerable discharge capacity of 560mAh g1

. The formation of LiGa delivers a capacity of 385 mAh g-1 and that of Li2Ga delivers a

capacity of 769 mAh g-1, which is the theoretical maximum capacity of Ga.
The capacity versus cycle number for liquid Ga at 40°C is observed. A gradual decrease
of capacity with cycling is apparent. Commercial lithium salt based electrolytes show fast
Li diffusivity and moderate application temperature range compare to other types of
electrolytes, such as ionic liquids and solid electrolytes. However, there is a drawback of
SEI forming on electrode surface when the WE is charged (lithiated) to below 0.7 V vs.
the Li/Li+ reaction. The SEI consumes electrolyte, lithium, and electrode material. This
SEI layer cannot be dissolved during the reversal electrochemistry process and
contributes to irreversible capacity loss. For most of the negative materials, SEI
formation completes in the first few cycles and facilitates the Li transportation during
subsequent cycling. In this work, because the Ga electrode is in liquid state at the
beginning of charging and returns to liquid at the end of discharging at each cycle, the
SEI may come off the electrode surface and is no longer stable. Thus, a fresh SEI may
form during every cycle and brings irreversible capacity loss. To commercially use liquid
metal with low discharging potential, formation of SEI has to be avoided using other
methods, such as using electrolytes that do not form SEI.
10.5

Conclusions

In this chapter, we demonstrate the concept of using low-melting point metal/alloys as
lithium-ion battery electrodes. A conceptual picture, consistent with all of the
experimental observations, is given in Figure 10.4 for self-healing liquid metal
electrodes.
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The liquid metal electrode undergoes crystallization upon lithiation and transforms to a
solid electrode. On complete delithiation the solid phases are transformed to the liquid
state.
Cracks are formed in the electrode mostly during delithiation and can be self-healed by
the solid-to-liquid transformation. Along with that, the lithium transport in a liquid
electrode is found to be faster than that in solid electrodes. This gives additional
advantage to the liquid metal electrodes in terms of high power applications (23). Since
many low melting point alloys exist and can potentially store large quantities of Li, the
liquid metal approach demonstrated by liquid Ga may be generalized to many systems of
technological significance.
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Figure 10.1: Galvanostatic voltage-capacity profile of Ga at 40 °C. The cycling
rate was C/50. The numbers (1) – (7) correspond to different states for the XRD
results in Fig. 10.2.
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Figure 10.2: Ex-situ XRD results of the Ga electrode during electrochemical cycling.
The numbers (1) – (7) refer to different states of Ga in a lithiation and delithiation cycle
depicted in Fig. 10.1. The stainless steel substrate peaks are indicated with ‘S’.
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Figure 10.3: (a) A capillary cell with (b) its conceptual picture. (c) Magnified view of the
surface near Ga electrode before lithiation and (d) after partial lithiation. The lithiated
part is gray and delithiated part is glossy.
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Figure 10.4: Schematic of morphology changes in liquid electrode during
cycling. (a) Liquid metal electrode on a solid substrate before electrochemical
cycling. (b) Liquid solidifies and expands during lithiation. (c) Cracking occurs in
solid mainly during delithiation. (d) Electrode returns to the liquid state during
delithiation. Cracks are self-healed by the solid-to-liquid phase transformation.
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CHAPTER 11

IN SITU XRD OF LIQUID GALLIUM ELECTRODE AND AB-INITIO STUDY
OF LITHIUM-GALLIUM PHASES

11.1

Summary

Lithium ion battery electrodes suffer chemical and mechanical degradation upon
electrochemical cycling. Nano-scaled electrode materials, micro-porous electrode
materials, active-inactive alloys and surface coated electrode particles are a few of the
commonly used electrode designs for a longer electrode life. Recent studies show that
liquid metal alloy can be used as a self-healing electrode for the lithium ion batteries.
This electrode material undergoes liquid-solid-liquid transition upon electrochemical
cycling, resulting in the self-healing of the cracks formed during delithiation process.
With such an electrode, mechanical degradation could be minimized and longer cycle life
may be achieved. To understand the crystallographic transformations, ab-initio study of
lithium-gallium system is performed to regenerate the voltage profile for lithium-gallium
system. In-situ X-ray diffraction (XRD) study to understand phase transformations in
such a liquid electrode upon lithiation and delithiation could be really useful. In the
presented work, we develop a method for in-situ XRD study of such a liquid metal
electrode. We investigate the different phase transformations which the liquid gallium
electrode undergoes during lithiation and delithiation. The cell design we developed for
this study can be used to study many other electrode materials.
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11.2

Introduction

The potential applications of lithium ion batteries for the automobile purpose have ignited
a tremendous interest to improve the battery performance. For such an application, the
battery needs to have high energy and power density along with good cycle life. The
commercially available lithium ion batteries (LIBs) primarily use graphite as a negative
electrode material which has a specific capacity of 371 mAhr g-1(1). Materials such as tin,
silicon are active for lithium storage with much higher specific capacity as compared to
the currently used graphite material (2, 3). These high capacity materials are known to
undergo a huge volumetric expansion and contraction upon lithiation and delithiation (4).
The electrode material undergoes cracking, fatigue or structural changes due to the
diffusion induced stresses (DISs) during charging and discharging (5-7). Recently,
several mathematical models have been developed along with the experimental
investigations to understand the DISs in LIB (5, 8-14). Under the guidelines of different
mathematical models and with the use of novel experimental techniques, improved
electrode designs such as nano-scale electrode material (7), porous electrode material (15,
16), electrode particles with artificial SEI or coatings (17) and alloying active and
inactive material for electrodes (18-20) are employed. These approaches have shown
some success in overcoming the mechanical degradation. Recently, we came up with a
novel approach of using a liquid metal alloy as a self-healing electrode. We observed that
the liquid metal electrode undergoes a reversible of liquid-solid-liquid transition upon
lithiation and delithiation (21). Such self-healing liquid metal electrodes can have
minimum mechanical degradation which makes them good candidates for durable - high
energy battery applications.
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Fundamental understanding of liquid-solid transition is important to understand the selfhealing behavior of liquid metal electrode. In-situ XRD is one of the most powerful
techniques

for

understanding

crystallographic

changes

of

electrode

material.

Traditionally, a beryllium window is used for such a study. For example, Courtney et al.
(22) developed a cell design beryllium window for in-situ XRD study of silicon.
Recently, Rhodes et al. (23, 24) has published an in-situ XRD study for cathode material
such as LiFePO4. They came up with a strategy of using a x-ray transparent polymer,
‘Kapton’, to seal the coin cell window. Using a Kapton tape window is much safer and
cost effective as compared to a beryllium window for such a study. Using an approach
similar to Rhodes et al. (23, 24), we designed a cell for in-situ XRD study of a liquid
metal electrode. We study the lithiation and delithiation of liquid metal and the
corresponding phase transformation using this technique.
First-principle calculation tools are widely used for fundamental understanding of various
electrode materials. Courtney et al. (25) performed density functional theory (DFT)
calculations to understand the voltage profile for Li-Sn system. We used DFT
calculations with Vienna ab-initio simulation package (VASP) (26) for crystallographic
understanding of different equilibrium phases of Li-Ga system. MedeA (27) is used as an
interface for all VASP calculations. With these calculations, we regenerate the
equilibrium voltage vs. state of charge (SOC) curve for lithium gallium system.
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11.3

Computational methods

DFT calculations are performed using the Vienna ab-initio simulation package (VASP)
with the Projector Augmented Wave (PAW) method and the Perdew–Burke–Ernzerhof
(PBE) form of the generalized gradient approximation (GGA) for exchange and
correlation. For crystalline phases, the structures of the alloys are obtained from crystal
structure database (28). From convergence studies, we determined the kinetic energy
cutoff in the plane wave expansion to be 367.5 eV. The electronic iterations convergence
is 1 × 10−5 eV using the Normal (blocked Davidson) algorithm and reciprocal space

projection operators. We use Gaussian smearing with a width of 0.2 eV. The gallium is
liquefied using a super cell of 120 atoms by first raising the temperature to 500 K through
ab initio molecular dynamics (AIMD) and optimizing the atomic positions with canonical
ensemble (nVT), then taking several low energy configurations to further minimize at 0K
with molecular dynamic simulation. A default planewave cutoff energy of 282.697 eV is
used for this calculation, due to the size of the system. The optimized lattice parameters
of the crystalline Li–Ga phases obtained from our calculations are summarized in Table
11.1. The number of irreducible k points used for each of the Li–Ga alloy phases, are also
shown in this Table. The structural data in Table 11.1 are in consistence with the
experimental studies and previous theoretical work.
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11.4

Experimental

Commercially available pure gallium (Ga) metal (99.99%, Alfa Aesar) was applied onto
a substrate without any binder or conducting additive. The substrate is specially designed
according to the experimental requirements. The thickness of Ga film on the substrate
was controlled to be about 1µm and the mass of Ga was precisely measured by a
microbalance (XS 205, Mettler Toledo). Samples were assembled into a modified CR
2025-type coin cell (Hohsen) in an argon-filled glove-box (MBraun) with oxygen and
moisture contents less than 0.1 ppm. The modifications to the cell were made in
accordance with the experimental requirements and are described in the following
sections. Li metal foils (99.9%, Sigma Aldrich) were used as the counter electrode (CE).
One piece of Celgard 3501 separator soaked in the electrolyte solution consisting of 1M
LiPF6 dissolved in a mixture of ethyl carbonate and dimethyl carbonate (EC/DMC,
volumetric ratio 1:1) (Novolyte) was used in making the coin cells.
Charging and discharging of the coin cells was done using a potentiostat (VersaSTAT 3,
PAR). During charging and discharging, coin cells were kept at 40 °C, with the precise
temperature control according to the experimental needs. The temperature was
maintained with a flexible silicone rubber fiberglass insulated heater (SRFG-101/10,
Omega Engineering Inc) coupled with a thermostat. In this work, charging refers to
lithiation and discharging refers to delithiation.
In-situ XRD was carried out using a BRUKER - General Area Diffraction Detector
System (GADDS) with Cu Kα radiation (wavelength 1.54 nm) and beam diameter of 0.5
mm collimator. GADDS is assisted with a laser beam to pinpoint the location of the Xray beam.
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11.5

Cell design

Figure 11.1 shows the exploded view of a cell for the in-situ study of liquid gallium
electrode. We drill a 10 mm hole in the CR 2025-type coin cell cap. A 14 mm diameter
disk of 50 μm thick Kapton tape (Bertech, KPT2-1) was punched and affixed inside the
can over the hole. A 36 μm thick metallized polyethylene terephthalate (Metallized-PET,
Goodfellow) is used as a substrate for gallium electrode. Both the faces of this
component were sputtered with a 400 nm thick film of titanium (Ti). Sputtering of Ti was
performed at 75W, 25 mTorr, and 15 sccm of argon (EMSCOPE SC400). This Ti coating
was used for improving electrical conductivity of the metalized PET. Using Ti coating for
conductive coating is advantageous since Ti is inert with lithium, compatible with
electrolytes and x-rays can go through a thin Ti coating without any interference. A
gallium film covering a circular area of about 12 mm diameter was applied to the center
of the substrate. A nickel ring was used to maintain good contact between the substrate
and the cell cap. Direct contact of nickel ring with the gallium is avoided since, gallium
reacts readily with nickel.
11.6

Simulations results and discussions

Figure 11.2 shows the different crystals of lithium gallium intermetallic phases that can
be formed at equilibrium starting with a disordered liquid gallium structure. These
crystals structure are obtained by minimizing the crystal energies. More specifically, we
have considered Li2Ga7, LiGa, Li5Ga4, Li3Ga2, Li2Ga as the equilibrium phases. Li2Ga7
phase has a tridiagonal R-3M crystal structure with lattice parameters of 𝑎 = 8.605 Å

and 𝑐 = 17.118 Å. The Ga/Li ratio is about 3.5 ± 0.1. This phase can be considered as
deficient Li3Ga7 phase which has a lower crystal energy (29).
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Tillard-Charbonnel et al. studies of this phase in detail (29). They concluded that the
deficiency of lithium allows this phase to conduct lithium easily because of the high
mobility of lithium inside the cavity and through diffusion jump from one site to
neighboring vacant site. The lithiation of Li2Ga7 phase results in formation of LiGa
phase. LiGa is a cubic NaTl type structure with Fd3m symmetry. Each gallium atom can
be observed to be co-ordinated to four equivalents. The structural parameter is calculated
to be 𝑎 = 6.242 Å which is close to the experimentally observed value of 𝑎 = 6.177 Å

(30). Li5Ga4 has crystal symmetry of p-3m1 with the lattice parameters 𝑎 = 4.375 Å, 𝑐 =

8.257 Å. The Ga/Li ratio is about 0.8. The Li3Ga2 phase has trigonal rhomboedric crystal
with R-3M symmetry with the parameters calculated to be 𝑎 = 4.367Å, 𝑐 = 13.857Å

which match very closely with the previously reported parameters of 𝑎 = 4.367 Å,
𝑐 = 13.896 Å (31). The final product of lithiation of gallium can be Li2Ga which is an

orthorhombic phase with cmcm symmetry and lattice parameters of 𝑎 = 4.539 Å, 𝑏 =
9.509 Å and 𝑐 = 4.358 Å.

In Table 11.1 we list down the total energies of the different Li-Ga phases. We find that,
the total energy of the total energy per mole of gallium decreases as the Li concentration
increases which indicated that the lithiation of gallium is a thermodynamically favorable
process. The calculated total energies of the different Li-Ga phases at equilibrium can be
used to calculate the equilibrium voltages of any two-existing phases. The potential of a
particular stage during lithiation can be obtained as tangent to the free energy of
formation of the two coexisting phases (2)
𝑉 (𝑉) = −

𝑑𝐺𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 (𝑒𝑉)
𝑑𝑛

(11.1)
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We obtain the equilibrium voltage diagram for Li-Ga system.
For example, for the first phase formation;
7𝐺𝑎 (𝑙𝑖𝑞. ) + 2𝐿𝑖 ⇄ 𝐿𝑖2 𝐺𝑎7
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(11.2)

We found that at equilibrium there are five intermetallic phases possible for Li-Ga
system. Figure 11.3 shows that the voltages obtained with DFT match closely with the
experimentally obtained voltages.
A note should be made that, we have not considered the effects of the polarization and
the over potentials. These factors might shift the voltage profile above or below the
equilibrium potentials depending upon the experimental conditions. The voltage profile
obtained with the DFT calculates show five stages corresponding to the co-existence of
different phases. It should also be noted that the voltage plateaus for phase transitions
between 𝐿𝑖𝐺𝑎 → 𝐿𝑖5 𝐺𝑎4 and 𝐿𝑖5 𝐺𝑎4 → 𝐿𝑖3 𝐺𝑎2 are not distinguishable in the
experimental voltage profile even at low charging rates of C/50. Slower charging might
be needed for experimentally observing these phases during lithiation and delithiation. In
the experimental voltage profile, a hysteresis is observed between lithiation and
delithiation voltages.
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One possible reason for the hysteresis is recognized as the differences in diffusion and
interface kinetic rates during lithiation and delithiation. In the case of the lithiation, the
lithium diffusion is through the lithium rich phase (lithium rich shell in a spherical
particle during lithiation) from the surface to the lithium deficient phase. During
delithiation, lithium diffuses through the lithium deficient phase (lithium deficient shell in
a spherical particle during delithiation) from the lithium rich phase to the surface of the
particle. The different diffusion and interface kinetic rates in the lithium rich and lithium
deficient phases may result in the shifting of potential plateaus from equilibrium. It
should be noted that, the voltage profile with DFT calculations is equilibrium profile
without any consideration of the diffusion rates and interface kinetics.
With the DFT calculations, we could also obtain the densities of the different Li-Ga
phases. These calculated densities are listed in Table 11.2. Interestingly we find that,
liquid gallium has the maximum density (6.093 g cm-3) among all the phases, and the
density of the alloys decrease with increasing lithium content. Densities calculated for
different phases are 4.56 g cm-3 for Li2Ga7, 4.19 g cm-3 for LiGa, 3.81 g cm-3 Li5Ga4, 3.49
g cm-3 for Li3Ga2 and 2.95 g cm-3 Li2Ga. We calculate the volume of different Li-Ga
phases per mole of gallium content. We find that, as the lithium content per mole of
gallium in an alloy increases, the molar volume per mole of gallium increases. The molar
volume of liquid Ga is 11.45 cm3 which increases to 28.32 cm3 per mole of Ga for Li2Ga.
We calculate the relative volume expansion (RVE) for different Li-Ga phases. The RVE
can be defined as the change in volume of a material due to lithium addition relative to
the virgin material volume.
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In Figure 11.4, we plot the RVE for different Li-Ga phases against the mole of lithium
per cc of liquid gallium in those phases. The partial molar volume of a solute can be
defined as:

𝑉𝑠𝑜𝑙𝑢𝑡𝑒 (𝑐𝑐 𝑝𝑒𝑟 𝑚𝑜𝑙) =

Δ𝑉 (𝑐𝑐)
Δ𝑛(𝑚𝑜𝑙)

For Li-Ga system, we define,
𝑉𝐿𝑖 (𝑐𝑐 𝑝𝑒𝑟 𝑚𝑜𝑙) =

𝑉𝐿𝑖−𝐺𝑎 𝑃ℎ𝑎𝑠𝑒 −𝑉𝑙𝑖𝑞𝑢𝑖𝑑 𝐺𝑎

(11.3)

Δ𝑛

We rearrange this equation to get a relation in terms of the RVE

𝑉𝐿𝑖 (𝑐𝑐 𝑝𝑒𝑟 𝑚𝑜𝑙) =
=

�𝑉𝐿𝑖−𝐺𝑎 𝑃ℎ𝑎𝑠𝑒 − 𝑉𝑙𝑖𝑞𝑢𝑖𝑑 𝐺𝑎 ��𝑉𝑙𝑖𝑞𝑢𝑖𝑑 𝐺𝑎
Δ𝑛⁄𝑉𝑙𝑖𝑞𝑢𝑖𝑑 𝐺𝑎

𝑅𝑉𝐸
𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝑙𝑖𝑡ℎ𝑖𝑢𝑚 𝑝𝑒𝑟 𝑐𝑐 𝑜𝑓 𝑙𝑖𝑞𝑢𝑖𝑑 𝑔𝑎𝑙𝑙𝑖𝑢𝑚

(11.4)

Thus slope of the plot in Figure 11.4 gives the partial molar volume of lithium in liquid
gallium. We calculate VLi to be 7.93 cc per mole of the lithium inserted in the liquid
gallium. We find that this value of the partial molar volume of lithium in liquid gallium is
less than that for many other electrode materials such as Si, Sn, Zn, Ag and Al, in which
Li is known to have a partial molar volume of 9.2 cc per mole of the lithium (2, 32). This
indicates that, gallium would have relatively low expansion on lithiation than many other
electrode materials.
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11.7

Experimental results and discussions

Figure 11.5 shows the experimental setup for the in-situ XRD studies during
electrochemical cycling of liquid gallium electrode cell. A laser pointer is used to locate
the incident X-rays on the Kapton window. We could monitor the laser pointer location
on the Kapton window with an optical microscope. Each XRD frame was obtained with a
complete Y-scan along the Kapton window diameter. A Y-scan helps in minimizing the
effects from crystal orientations and getting a complete diffraction ring pattern on the
detector. XRD data were obtained every half an hour, each frame for about 10 mins, with
2θ angle varying from 300 to 700. We use a cell capsule for holding the coin cell together
with the heating system (Figure 11.5). The Ti from the substrate appeared as a peak in all
the scans and is used as a marker peak to understand the peak shifts upon electrochemical
processes. We performed the electrochemistry in two parts.
The aim of the experiment was to understand the crystallographic changes upon lithiation
and delithiation. We started with pre-lithiated gallium with Li2Ga7 as the starting phase
and the starting voltage was about 0.7V (Figure 11.6a). We lithiated Li2Ga7, using a
galvanostatic charging with a current of 100μA. The potential was allowed to drop to 10
mV before the cell is galvanostatically charged back to 0.7V. XRD scans were taken
every half an hour. For the initial 2 to 2.5 hours of lithiation, Li2Ga7 phase peaks were
dominating, with peak intensity diminishing as the time progressed (shown in Figure 11.6
a and b). After around 3 hours of lithiation, the LiGa peaks were dominant and the
intensity of these peaks increased as the lithiation progressed to about 6.5 hour of
lithiation when the second stage of lithiation of gallium is completed. At this point all the
gallium is converted into LiGa phase demonstrated by clear and intense peaks in XRD.
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On further lithiation of this phase, we get a continuously decreasing voltage profile
indicating a single phase region. Thus, in this period, we observe a shift in the XRD
peaks to the left. The peak shift to the left indicates that there is an expansion in LiGa
crystals due to lithiation. A gradual peak shift is observed till the point when the potential
is dropped to 10 mA.
Once the potential reached this state, galvanostatic delithiation started. With delithiation
the peaks were observed to shift gradually to the right which indicates that the expanded
crystals were returning to their original volume. Once the potential is increased to around
0.6V, the LiGa peaks appeared back at their normal position with no shifting.
We could clearly see that, with a large current density used in these experiments, the
phase transformations 𝐿𝑖𝐺𝑎 → 𝐿𝑖5 𝐺𝑎4 and 𝐿𝑖5 𝐺𝑎4 → 𝐿𝑖3 𝐺𝑎2 did not occur. Courtney et

al. (25) has observed a similar phenomenon in case of lithiation of tin. This discrepancy
may be due to an immiscibility gap so that the 𝐿𝑖5 𝐺𝑎4 , 𝐿𝑖3 𝐺𝑎2 phases are unstable and
undergo decomposition in LiGa and Li2Ga phases.

Formation of the co-existing phases with a sharp phase boundary in any binary system is
governed by the inter-diffusion rate and interface kinetics. The chemical non-equilibrium
of the system drives the diffusion. If the process is diffusion controlled, two phases would
co-exist with a moving phase boundary. These are discrete phases with continuous
chemical potential and discontinuity in the concentration across the interface. On the
other hand, if the interface kinetic processes cannot respond fast enough to the diffusion
process, then metastable or amorphous phases are formed instead of discrete phases with
a phase boundary (33). In case of lithiation of gallium in the experiments presented
above, the operating currents are large leading to faster diffusion due to chemical non294

equilibrium. As compared to the fast diffusion processes the interface kinetics might be
slower and thus the formation of equilibrium phases such as 𝐿𝑖5 𝐺𝑎4 and 𝐿𝑖3 𝐺𝑎2 is
suppressed. Hence, there is no co-existence of two phases hence, no voltage plateau could

be observed. Instead, fast lithiation results in the non-equilibrium single phase expansion
of 𝐿𝑖𝐺𝑎 phase leading to a continuous drop in voltage.

At the same time, the last phase of 𝐿𝑖2 𝐺𝑎 did not appear till the voltage reached 10 mV.

One possible explanation is that, the large currents led to deposition of lithium and results
in polarization. Polarization shifts the voltage plateaus to lower voltages than the

equilibrium voltage during lithiation. Hence, 𝐿𝑖2 𝐺𝑎 phase did not appear even at a low
voltage of 10 mV.

11.8

Conclusion

Using ab-initio calculations, we minimized the crystal energies of different possible
equilibrium phases in Li-Ga binary system. These calculations helped us in understanding
possible crystallographic transformations during lithiation process of liquid gallium. With
the minimized free energy of the crystal of the different phases we could regenerate the
equilibrium voltage profile for the Li-Ga binary system. On comparing the calculated
voltage profile with the experimental voltage profile we found that 𝐿𝑖𝐺𝑎 → 𝐿𝑖5 𝐺𝑎4 and

𝐿𝑖5 𝐺𝑎4 → 𝐿𝑖3 𝐺𝑎2 transformations were not distinguishable at C/50 rates. We could also

calculate the densities of different Li-Ga phases and thus understood the volume changes

occurring during lithiation of liquid gallium. We calculated the partial molar volume of
lithium in liquid gallium and found it to be 7.95 cc per mole of lithium.
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To understand the crystal transformation in more detail, we developed a method for insitu XRD study of liquid gallium. This is the first in-situ XRD study of liquid gallium
system. With the XRD study we observed the lithiation process of 𝐿𝑖2 𝐺𝑎7 .

Transformation of 𝐿𝑖2 𝐺𝑎7 to 𝐿𝑖𝐺𝑎 phase could be observed as the lithiation proceeds.
Upon further lithiation of 𝐿𝑖𝐺𝑎 phase, 𝐿𝑖𝐺𝑎 → 𝐿𝑖5 𝐺𝑎4 and 𝐿𝑖5 𝐺𝑎4 → 𝐿𝑖3 𝐺𝑎2

transformations were not observed, however, a single phase expansion of 𝐿𝑖𝐺𝑎 phase was
observed.

Such a combination of the DFT tools with the experimental methods such as in-situ XRD
can help understanding of the battery electrodes and the different chemical
transformations they undergo upon electrochemical cycling.

11.9
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Table 11.1: The optimized lattice parameters of the different crystalline Li–Ga phases
obtained from our calculations are summarized
Phase
(Li2xGa)

x

Liquid
Ga

0

Li2Ga7

0.143

LiGa

Space
group

k points

a (Å)

b( Å)

c( Å)

2x1x2

Energy per
cell per Ga
atom (eV)
-3.0202

9x9x5

8.605 8.604

17.118

-3.8126

0.5

disordered
R-3MH
Fd-3mO1

15x15x15

6.242 6.242

6.242

-5.5782

Li5Ga4

0.625

p-3m1

15x15x7

4.375 4.375

8.257

-6.1533

Li3Ga2

0.75

R-3MH

15x15x15

4.367 4.367

13.857

-6.6900

Li2Ga

1

cmcm

13x13x13

4.539 9.509

4.358

-7.7253

9x9x9

3.439 3.439

3.439

Li
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Table 11.2: The calculation of Relative volume expansion of liquid Ga on lithiation using
the densities calculated from the ab initio calculation

Phase
(LinGa)

Ga

Moles of
lithium per
cc of initial Density
(g cm-3)
active
material
(n/ Vliquid Ga)
0.00
6.09

Molecular
weight (g)

Molar
Volume
(cm3)

Volume
per
gallium
(cm3)

Relative
volume
expansion
(Fractional)
dV/ Vliquid Ga

69.72

11.45

11.45

0.00

Li2Ga7

0.02

4.56

501.94

110.17

15.74

0.37

LiGa

0.09

4.19

76.66

18.31

18.31

0.60

Li5Ga4

0.11

3.81

313.60

82.42

20.60

0.80

Li3Ga2

0.13

3.49

160.27

45.94

22.97

1.01

Li2Ga

0.17

2.95

83.61

28.32

28.32

1.47

302

Figure 11.1: The exploded view of a cell for the in-situ study of liquid gallium electrode.

303

Figure 11.2: Optimized crystal structure different possible phases of the lithium-gallium
system at equilibrium.

304

Figure 11.3: Voltage vs. SOC of liquid gallium electrode. The symbols are experimental
data and solid lines are from MD calculations.

305

Figure 11.4: A plot of relative volume expansion (RVE) of different Li-Ga phases against
the moles of lithium per cc of liquid gallium in those phases.

306

Figure 11.5: The experimental setup for the in-situ x-ray diffraction study of liquid
gallium with heating arrangement. A cell capsule was used to hold the coin cell together
with the heating system.

307

(a)

(b)
Figure 11.6: In-situ X-ray diffraction of lithiation and delithiation of Li2Ga7 (a) 2D peak
intensity map as we lithiate and delithiate the Li2Ga7. (b) 1D peaks after integration at
different time period.
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CHAPTER 12

CONCLUSIONS
The commercially available lithium ion batteries do not match the requirements of the
electric vehicle applications in terms of energy and power densities as well as the cycle
life. This dissertation was focused on understanding the different mechanisms of the
capacity fading of the lithium ion batteries and development of new electrode designs for
the lithium ion batteries with high energy density, high power density and longer cycle
life. With deep understanding of the multidisciplinary aspects of the lithium ion batteries,
a meticulous study of the different mechanisms which result in the capacity fading of the
batteries is done. The effects of electrode material properties, different electrode designs
and operating conditions on the battery performance are investigated with established
mathematical and experimental methods. With the fundamental understanding of the
lithium ion battery operation, new mathematical and first principles simulation tools and
experimental methods are developed for improving the electrode designs for durable high
energy batteries.
Mechanical degradation of the lithium ion battery electrodes is one of the major
mechanisms behind capacity loss of a lithium ion battery. While charging and
discharging a battery, lithium insertion and extraction from the electrode particles result
in ‘Diffusion-induced stresses’ (DISs) which may lead to the mechanical degradation of
the active electrode materials. A part of this research was focused on understanding the
DISs in battery electrodes with mathematical tools.
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We mathematically modeled different mechanical, transport and electrochemical
processes inside the battery with which we could co-relate DISs with local lithium ion
concentration using the thermal stress analogy to the DISs. We studied the nature of these
stresses and their dependence on various parameters such as battery operating conditions
(constant current, constant potential), shape of electrode elements (spherical particles,
cylindrical wires, tubes etc.), sizes of electrode element (nano, micro), mechanical and
transport properties of the electrode material as well as the solid electrolyte interphase
(SEI) properties.
Using mathematical formulations, we examined the nature of DISs in a cylindrical
electrode particle on lithium insertion and extraction. It was found that the radial stress at
the center initially increases, reaches a maximum at a particular time during lithiation and
then decreases gradually until the electrode reaches saturation concentration. We found
that the tangential stress is maximum just at the start of delithiation at the surface of the
electrode particle. A simple mathematical relation could be established to correlate DISs
with the material properties of electrode material. The DISs change qualitatively and
quantitatively with the changing axial loading conditions for a cylindrical electrode. The
effect of different axial loading conditions on the DISs is well incorporated in the model.
To the best of our knowledge this was the first attempt in the published literature to
understand the diffusion induced stresses in a cylindrical electrode element. We could
also understand the effect of size of the particle on DISs. We found that, at the nanoscale, the surface properties such as surface tension and surface energy of the electrode
have important roles to play in mitigating the diffusion induced stresses. Thus at nanoscale, the electrode material is less prone to cracking than at micro-scale.
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The conclusions of the model explain the physics behind the improved cycle life of
batteries with nanowire electrodes as observed in various experiments performed in the
research community on the nanowire electrodes.
Along with nanowires, we also developed a mathematical model for understanding the
stress distribution in a tubular electrode element. In case of tubular electrodes, there is
more ‘breathing space’ for the electrode material to expand on lithiation. Thus the DISs
in such a structure may be smaller as compared to those in the case of solid cylindrical
electrode. With the model developed we understand that the tangential / axial stress reach
maximum at the start of delithiation at the tube surface. It is observed that, the maximum
tangential or axial stress is much larger than the maximum radial stress. Thus the tube is
more prone to cracking due to the axial or tangential stress than the radial stress. Since,
the maximum axial and tangential stresses have the same magnitude, the combination of
surface energy required and strain energy stored would decide if the tube undergoes axial
cracking (splitting of the tube) or tangential cracking (opening up of the tube). Splitting
of the tube i.e. axial cracking is more detrimental for battery applications since it results
in loss of electrical contact of the electrode material. We developed a co-relation between
height and inner and outer radii of tubes which can be used to avoid axial cracking. Using
guidelines from the model, TiO2 nanotubes are prepared and are tested for cycle life in
collaboration with my colleagues Juchuan Li and Qingliu Wu at the University of
Kentucky. The experimental results show that such tubes show longer cycle life as
predicted by the model.

311

With first principles calculations, researchers have found that there is a drastic change in
the material properties of the electrode upon lithiation. Some of the materials soften on
lithiation and some stiffen on lithiation. We developed a model to study the effects of
lithium concentration dependent Young’s modulus of the electrode material on the DIS
behavior during lithiation and delithiation. To the best of our knowledge, this was the
first mathematical model for DISs inside a battery electrode which takes into account the
change in material properties with lithium concentration. We showed that the change in
properties of the lithiated part affects stresses even in the unlithiated part. We calculated
the fracture tendencies of different materials which undergo either stiffening or softening
on lithiation, providing guidelines for minimizing it. The widely held assumption that the
stress behavior during delithiation is exact reversal or a mirror image of that during
lithiation is not valid for electrodes with concentration-dependent Young’s modulus.
Also, we observed that the magnitude of the stresses can also change drastically with
composition-dependent Young’s modulus. We found that the fracture tendency of the
electrode due to radial stress decreases if the material is lithiation softening. At the same
time, for lithiation stiffening material, the tangential stress maxima might shift from the
surface to just below the surface. Since the defects are present at the surface, the shifting
of peak stress location may result in decreasing fracture tendency.
In the battery community, it is well established that some of the electrode materials
undergo the phase transformations during electrochemical charging/discharging, leading
to a co-existence of two or more phases with moving phase boundaries. Common
negative electrode materials such as graphite, tin and gallium are known to undergo such
phase transformations.
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We studied the concentration and stress profiles in such an electrode particle. With
mathematical model we found that there is a stress jump at the interface. Such a stress
jump at the inter-phase can cause crack initiation. We also analyzed the effect of material
properties of the two phases on the stress jump and suggested some guidelines to tune the
material properties to minimize the stress jump. It is found that, the stress jump can be
minimized if the two co-existing phases have a similar expansion tendency.
In a real electrode particle numerous pre-existing cracks/ mesopores were observed. This
contradicts the widely held assumption that the electrode particle is homogeneous and
isotropic. A new mathematical model was proposed to show that the presence of free
surfaces, from even a small internal crack or pore, could alter the internal stress
distributions such that particles are prone to internal cracking instead of the surface
cracking previously predicted. This was the first model in the literature which accounted
for pre-existing cracks while understanding the diffusion induced stresses. We
established that the fracture strength of particles depends largely on their internal
microstructure, about which little is known, rather than on the intrinsic mechanical
properties of the particle materials. This model establishes the significance of the
fundamental understanding of the microstructure and its incorporation in the stress and
transport models.
The operating voltage (vs. a lithium reference electrode) of the commonly used negative
electrodes is lower than the lower limit of the stability voltage window of the commonly
used electrolytes. Hence, the electrolytes undergo reduction on the negative electrode
surface. It results in solid electrolyte interphase (SEI) formation on the surface of
electrode and results in capacity fading of the battery due to the chemical degradation.
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The SEI layer on the electrode particle affects the diffusion behavior or concentration
profile of lithium atoms inside the host particle, which in turn results in change in the
stress behavior. Different artificial SEI materials/coatings are used on the electrode
particle in attempt to enhance the life of electrode. We mathematically co-relate the SEI
properties with the diffusion induced stresses. The maximum radial stress (tensile) during
lithiation and tangential stress (tensile) during de-lithiation decrease lineally with an
increase in stiffness or thickness of the SEI and decrease in diffusion coefficient or
equilibrium concentration of solute in the SEI. At the same time, the strain energy stored
at the end of lithiation increases rapidly with an increase in either thickness or stiffness of
the SEI. This might be detrimental since strain energy stored could be relieved by
creating new fracture surfaces and resulting in cracking of the particle.
The chemical and mechanical degradation, in combination results in capacity fading of
the lithium ion batteries. For automotive applications, prediction of battery life is of the
utmost importance. Using the differential voltage technique we proved that lithium loss is
the major mechanism behind the capacity loss in a commercial LiFePO4/graphite lithium
ion battery. The DISs result in gradual crack propagation each cycle exposing a new
surface area to the electrolyte. A new SEI is formed on this surface consuming lithium
from the system. Simultaneously, the thickness of SEI also increases with time, resulting
in more capacity loss. With such a schematic model in mind, we developed a
mathematical model that combines chemical and mechanical degradation capacity fading
mechanism for the commercial batteries to predict battery life for a LiFePO4 / graphite
A123 battery at different operating temperatures.
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The model predictions were compared with the experimental data. We were able to
regenerate the voltage vs. capacity curves for different cycle number and degenerate the
cell voltage curves into individual electrode voltages, thus at particular time during
operation we could know the SOC of individual electrodes.
Different electrode designs and approaches such as nano-structural electrode particles,
alloying of the active material with inactive material and coating electrode particles with
artificial SEI have shown some improvement in the mechanical stability of the electrode
material. To minimize the mechanical degradation and improve the energy density, we
proposed a novel concept of using a liquid metal electrode as a self-healing electrode.
Here we took gallium as a liquid electrode. We developed a method to prepare a thin film
electrode of liquid metal with thickness of around 1 micron. For the experimental
purpose, we operated the batteries at 40 0C, which is well above the melting point of Ga
(29 0C). A new capillary cell design was developed for optical observation of such a
liquid electrode. With different techniques such as XRD, optical observation and
electrochemistry we demonstrated the reversibility of the liquid-solid-liquid transition of
such a liquid metal electrode upon electrochemical cycling.
To get the crystal structure understanding of the different phases formed during lithiation
of a gallium electrode, the density function theory (DFT) calculations on the different
equilibrium phases of Li-Ga system using Vienna ab-initio simulation package (VASP)
were implemented. We optimized the crystal energies of different possible equilibrium
phases of Li-Ga system which we used to regenerate the equilibrium potential vs. state of
charge (SOC) curve for the liquid gallium electrode. With this calculation we could get
five equilibrium Li-Ga phases.
315

To further investigate the crystallographic changes in liquid metal electrode, a method for
in-situ X-ray diffraction study of such an electrode was developed. With this technique
we observed the different phase transformation the liquid gallium electrode undergoes
during lithiation and delithiation. It was found that with the experimentally used current
rate two of the equilibrium phases 𝐿𝑖5 𝐺𝑎4 and 𝐿𝑖3 𝐺𝑎2 cannot be formed.

In this work we performed detailed investigation of DISs in lithium ion battery
electrodes. Various factors that affect the DISs are studied with mathematical models and
solving them analytically. Analytical solutions are useful for understanding the physics
behind different processes in LIBs. Effects of size of the nanowire electrode on DISs,
effects of co-existence of two phases on DISs, effects of change in material properties on
DISs, effects of the presence of SEI on DISs, effects of pre-existing pores on fracture
tendency in LIB electrodes had never been investigated before these studies. These
factors are shown to have a large effect on the nature of DISs during battery operation
which in turn decides the mechanical degradation of lithium ion battery electrodes. A
phenomenological model with coupled chemical and mechanical degradation for cycle
life prediction has been proposed for the first time in the battery literature through this
work. We also proposed a concept of using liquid electrode for avoiding mechanical
degradation which is fundamentally different from the existing approaches of electrode
engineering for mechanical stability. This approach opened up a new direction for
potential improvement in advanced lithium ion batteries. The capillary cell and in-situ
XRD cell designed for liquid electrode are novel cell designs for liquid electrode studies
and can potentially be used to understand this new family of liquid metal electrodes.
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The different DISs models proposed in this dissertation can be used as foundation for
detailed analysis of the physical processes that result in mechanical degradation in the
LIB electrodes. Various assumptions made in the presented models can be gradually
relaxed depending upon the electrode material for more accurate analysis for specific
electrode systems. For example, most of the models presented here assume that the strain
in the electrode particle is infinitesimally small within the elastic limits. This assumption
may not be valid for advanced electrode materials such as Silicon which is known to have
300% volume expansion on complete lithiation. For such a material, consideration of
finite volume expansion and plastic deformation due to high shear stress might lead to
more accurate conclusions. In this work we assumed that the diffusion follows Fick’s
law, neglecting the effects of hydrostatic stresses and concentration of solute on
diffusion. As a next step, consideration of these effects might lead to more realistic
concentration profiles which determine stress profiles. The presented models give general
guidelines for the electrode material selection and design. More accuracy can be reached
using exact properties of different advanced electrode materials. The life cycle model we
proposed has several assumptions such as number of pre-existing cracks; initial crack
lengths etc. which would need more experimental data to verify the accuracy. For
mechanical stability of the electrodes we proposed the use of liquid electrode to avoid
mechanical degradation with the example of liquid gallium as electrode material. Gallium
is not commercially attractive since it is expensive. Several other liquid metal alloys are
active for lithium storage and can be investigated with the techniques we developed in the
present study. Furthermore, different combinations of active electrode material and liquid
metal electrode can be investigated in further studies.
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Thus, this dissertation was focused on understanding and improvement of the lithium ion
batteries with mathematical modeling, computer simulations and experimental tools.
With several experimental techniques, including ball milling, cryo-milling, x-ray
diffraction, optical microscopy, cyclic voltammetry, potentiostatic and galvanostatic
cycling and electro-impedance spectroscopy, several mathematical tools such as
MATLAB, COMSOL and Mathematica and molecular simulation tools such as VASP
the preset goals were achieved.
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